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Abstract

In this paper, we consider binary response models with linear quantile restrictions. Consid-
erably generalizing previous research on this topic, our analysis focuses on an infinite collection
of quantile estimators. We derive a uniform linearization for the properly standardized empir-
ical quantile process and discover some surprising differences with the setting of continuously
observed responses. Moreover, we show that considering quantile processes provides an effective
way of estimating binary choice probabilities without restrictive assumptions on the form of
the link function, heteroskedasticity or the need for high dimensional non-parametric smooth-
ing necessary for approaches available so far. A uniform linear representation and results on
asymptotic normality are provided, and the connection to rearrangements is discussed.

1 Introduction

In various situations in daily life, individuals are faced with making a decision that can be described
by a binary variable. Examples relevant to various fields of economics include the decision to
participate in the labour market, to retire, to make a major purchase. From an econometric point
of view, such decisions can be modelled by a binary response variable Y = I{Y™* > 0} that depends
on an unobserved continuous random variable Y* which summarizes an individuals preferences. In
the presence of covariates, say W, a natural question is: what can we infer about the distribution
of the unobserved variable Y* conditional on W from observations of i.i.d. replicates of (Y, W).
In a seminal paper, Manski (1975) assumed that Y* = W73 + ¢ where the ’error’ ¢ satisfies the
conditional median restriction P(e < 0|W = w) = 0.5 and derived conditions on the distribution
of (e, W) that imply identifiability of the coefficient vector 8 up to scale. In later work, Manski
(1985) extended those results to general quantile restrictions of the form P(e < 0|W = w) = 7 for
fixed 7 € (0,1). A more detailed discussion of identification issues was provided in Manski (1988).

Due to their importance in understanding binary decisions, binary choice models have ever since
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aroused a lot of interest and many estimation procedures have been proposed [see [Cosslett (1983),
Horowitz (1992), Powell et _all (1989), Ichimura (1993), Klein and Spady (1993), |Coppejans (2001),
Kordas (2006) and [Khan (2013) to name just a few].

A particularly challenging part of analysing binary response models lies in understanding the
stochastic properties of corresponding estimation procedures. The asymptotic distribution of Man-
ski’s estimator was derived in [Kim and Pollard (1990) under fairly general conditions, while a
non-standard case was considered inPortnoy (1998). In particular, Kim and Pollard (1990) demon-

—1/3 and that the limiting distribution is non-Gaussian. A

strated that the convergence rate is n
different approach based on non-parametric smoothing that avoids some of the difficulties encoun-
tered by Manski’s estimator was taken by Horowitz (1992). By smoothing the objective function,
Horowitz (1992) obtained both better rates of convergence and a normal limiting distribution.
However, note that the smoothness conditions on the underlying model are stronger than those of
Kim and Pollard (1990).

The approaches of Manski and Horowitz have in common that only estimators for the coefficient
vector 8 are provided. While those coefficients are of interest and can provide valuable structural
information, their interpretation can be quite difficult since the scale of S is not identifiable from
the observations. On the other hand, the ’binary choice probabilities’ p,, := P(Y = 1|W = w)
provide a much simpler and more straightforward interpretation.

Most of the available methods for estimating binary choice probabilities are of two basic types. The
first and more thoroughly studied approach is to assume a model of the form Y;* = WZ-Tﬁ +¢&; where
the g; are assumed to be either independent of X; [see |Cosslett (1983) and (Coppejans (2001))],
or admit a very special kind of heteroskedasticity [Klein and Spady (1993)]. Another popular
approach has been to embed the problem into general estimation of single index models, see for
example Powell et al! (1989) or Ichimura (1993). Here, it is again necessary to assume independence
between € and the covariate W.

While in the settings described above it is possible to obtain parametric rates of convergence for
the coefficient vector § and also construct estimators for choice probabilities, in many cases the
assumptions on the underlying model structure seem too restrictive.

An alternative approach allowing for general forms of heteroskedasticity was recently investigated
by [Khan (2013), who proved that under general smoothness conditions any binary response model
with Y;* = WZ-Tﬂ + ¢; is observationally equivalent to a Probit/Logit model with multiplicative
heteroskedasticity, that is a model where ¢; = oo(W;)U; with U; independent of W; and general
scale function o¢. Khan (2013) also proposed to simultaneously estimate S and the function og
by a semi-parametric sieve approach. The resulting model allows one to obtain an estimator of
the binary choice probabilities. While this idea is extremely interesting, it effectively requires
estimation of a d-dimensional function in a non-parametric fashion. For the purpose of estimating
5, the function oy can be viewed as nuisance parameter and its estimation does not have an impact
on the rate at which 3 is estimable. However, the binary choice probabilities explicitly depend on
oo and can thus only be estimated at the corresponding d-dimensional non-parametric rate. In
settings where d is moderately large this can be quite problematic.

In the classical setting where responses are observed completely, linear quantile regression models
[see Koenker and Bassett (1978)] have proved useful in providing a model that can incorporate gen-



eral forms heteroskedasticity and at the same time avoid non-parametric smoothing. In particular,
by looking at a collection of quantile coefficients indexed by the quantile level 7 it is possible to
obtain a broad picture of the conditional distribution of the response given the covariates. The aim
of the present paper is to carry this approach into the setting of binary response models. In con-
trast to existing methods, we can on one hand allow for rather general forms of heteroskedasticity
and at the same time estimate binary choice probabilities without the need of non-parametrically
estimating a d-dimensional function.

The ideas explored here are closely related to the work of [Kordas (2006). Yet, there are many im-
portant differences. First, in his theoretical investigations, Kordad (2006) considered only a finite
collection of quantile levels. The present paper aims at considering the quantile process. Contrary
to the classical setting, and also contrary to the results suggested by the analysis in [Kordas (2006),
we see that the asymptotic distribution is a white noise type process with limiting distributions
corresponding to different quantile levels being independent. An intuitive explanation of this seem-
ingly surprising fact along with rigorous theoretical results can be found in Section 2l We thus
provide both a correction and considerable extension of the findings in [Kordas (2006).

Further, our results on the quantile process pave the way to obtaining an estimator for the condi-
tional probabilities p,, and derive its asymptotic representation. While a related idea was considered
in [Kordas (2006), no theoretical justification of its validity was provided. Moreover, we are able
to considerably relax the identifiability assumptions that were implicitly made in there. Finally,
we demonstrate that our ideas are closely related to the concept of rearrangement [see Dette et al.
(2006) or IChernozhukov et all (2010)] and provide new theoretical insights regarding certain prop-
erties of the rearrangement map that seem to be of independent interest.

The rest of the paper is organized as follows. In Section Bl we formally state the model and provide
results on uniform consistency and a uniform linearization of the binary response quantile process.
All results hold uniformly over an infinite collection of quantiles T'. In Section [B] we show how the
results from Section [2] can be used to obtain estimators of choice probabilities. We elaborate on
the connection of this approach to rearrangements. Finally, a uniform asymptotic representation
for a properly rescaled version of the proposed estimators is provided and their joint asymptotic
distribution is briefly discussed. All proofs are deferred to an appendix.

2 Estimating the coefficients

Before we proceed to state our results, let us briefly recall some basic facts about identification
in binary response models and provide some intuition for the estimators of [Manski (1975) and
Horowitz (1992). Assume that we have n ii.d. replicates, say (Y;, W;)i=1,. n, drawn from the
distribution (Y = I{Y* > 0}, W) with Y* denoting the unobserved variable of interest and W
denoting a vector of covariates. Further, denote by ¢,(w) the conditional quantile function of Y*
given W = w and assume that for 7 € T C [0,1] we have ¢, (w) = w’ 3, for some vectors f3,.
Observing that I{Y™* > 0} = I{aY™* > 0} with a > 0 arbitrary directly shows that the scale of
the vector §; can not be identified from (Y, W). On the other hand, the vector f3; is identified up
to scale if for example b # (3, implies that the distribution of Y conditional on w” 3, > 0 differs
from that conditional on w’b > 0 on a sufficiently large set. More precisely, assume that the



function u — Fy*|W(wTﬁT + u|w) is strictly increasing for u in a neighbourhood of zero and all
w € support(W). In that case we have by the definition of the 7’th quantile

>1—7, ifwlB, >0
PY =1W=w){ =1-1, ifw'p, =0
<1—r1, ifw?p, <.

This already suggests that the expectation of (Y — (1 — 7)) is positive for W7 3, > 0 and negative
for WT B, < 0. We thus expect that under appropriate conditions the function

S-(8) = E[(Y = (L= m)I{W5 = 0}
should be maximal at a8, for any a > 0. Consider a vector b € R*!. Then
S7(b) = S7(Br) = D1(b, 7) + Da(b, 7)
with

Di(b,7) = E[(Y = (1 =m)I{WTb>0> W5},
Dy(b,7) == —E[Y — (1 —)NI{WTb <0< W75}

Note that both quantities are non-positive, and at least one of them being strictly negative is
sufficient for inferring 3;/||5:-|| # b/||b|| from the observable data. An overview and more detailed
discussion of related results is provided in Chapter 4 of Horowitz (2009).

A common assumption [see e.g. Chapter 4 in|[Horowitz (2009)] is that one component of /3, is either
constant or at least bounded away from zero. Without loss of generality, we assume that this holds
for the first component of 3. In order to simplify the notation of what follows, write the covariate
W in the form W = (Z, X) with Z being the first component of W and X denoting the remaining
components. Denote the supports of X, Z, W by X, Z,WV, respectively. Denote by (Y;, W;)i; a
sample of i.i.d. realizations of the random variable (Y, W). Define the empirical counterpart of S;
by

n

Snr(B) ==Y (Yi— (1 =) I{W]B >0}

i=1

; 1 ¢ Wil
Snir(B) 1= — (Y= (1= 1)K (5E0)
i=1 "
with h, denoting a bandwidth parameter and KC(u) := f_“oo K(v)dv a smoothed version of the
indicator function I{u < 0}. Following [Horowitz (2009), define the estimator (3,b,) through

~

(57,0r) = argmaxs::l:l,beRdSmT((sv bT)T)

Remark 2.1 The proofs of all subsequent results implicitly rely on the fact that we know which
coefficient stays away from zero and that the covariate corresponding to this particular coefficient



has a 'nice’ distribution conditional on all other coefficients [see assumptions (F1), (D2) etc.]. This
is in line with the approach of [Horowitz (1992) and Kordas (2006) and makes sense in many practical
examples. Results similar to the ones presented below might continue to hold if we use Manski’s
normalization || é || = 1 instead of setting the ’right’ component to +1. However, the asymptotic
representation would be somewhat more complicated. For this reason, we leave this interesting
question to future research.

In all of the subsequent developments we make the following basic assumption.

(A) The coefficient f3;; satisfies inf 7 |571| > 0 and the coefficient 3;; has the same sign on all
of T. In what follows, denote this sign by so.

Remark 2.2 Note that due to the scaling the estimator b defined above is an estimator of the
re-scaled quantity b, := b, /|B3;1| where b, := (872, ..., ﬁﬂdH)T. When interpreting the estimator

b, this must be taken into account. In particular, b, can not be interpreted as classical quantile
regression coefficient. This also explains the reason behind assumption (A).

In order to establish uniform consistency of the smoothed maximum score estimator, we need the
following assumptions.

(K1) The function K is uniformly bounded and satisfies sup,>. [K(v) — I{v > 0}[ — 0 as ¢ — o0.

(F1) The conditional distribution function of Z given X, say F. 7|x» is uniformly continuous uni-
formly over x € X, that is

sup sup sup |Fz x(v|z) — Fzx (v +ulz)] -0 as 0 —0
rzeX veR |u|<d

(D1) For any fixed 7 € T, B, = (sg,b,) is the unique minimizer of S,(8) on {—1,1} x R? and
additionally

d(a) := sup {E

inf  inf 1S-(8) — S7(Br)| > a} —0 as a—0
T€T ||8—Br[>¢ | B1|=1

In order to intuitively understand the meaning of condition (D1) above, note that conditions (K1)
and (F1) imply that S, -(3) — S;(8) uniformly in 7, 3. Condition (D1) essentially requires that the
maximum of S, () is 'well separated’ uniformly in 7, which allows to obtain uniform consistency of
a sequence of maximizers of any function that uniformly converges to S;.. Versions of this condition
that are directly connected to densities and distributions of some of the regressors can for example
be derived by considering a uniform version of Assumption 2 in Manski (1985) by arguments similar
to the ones given in that paper, see also Assumptions 1-3 in [Horowitz (1992).

Lemma 2.3 Under assumptions (K1), (D1), (F1) let hy, — 0. Then the estimator (3,b,) is weakly
uniformly consistent, that is

sup [ (3, b-) — (s0,b7) |00 = 0p(1).
TeT



The next collection of assumptions is sufficient for deriving a uniform linearization [some kind of
'Bahadur-representation’] for b.. Assume that there exists some 7 > 0 such that the following

conditions hold.

(K2) The function K is two times continuously differentiable and its second derivative is uniformly
Holder continuous of order v > 0, that is it satisfies

sup |K"(z) — K" (y)| < Oklz —y|".
|z—y|<o

Denote the derivative of K by K. Assume that additionally, K, K’ are uniformly bounded and
we have [ [v2K'(v)|dv < oo, [ |K'(v)|?dv < oo and additionally o, := h;,! f K'(v)|dv =

o(1).

(K3) [|v*K(v)| < oo for some k > 2 and [v/K(v)dv = 0 for 1 < j < k and additionally
Srot o M (0)|dv = 0(h%) as well as supjyj~., | K (a)] = o(z~") as = — co.

vhp \>77

(B) The bandwidth h,, satisfies h, = o(1) and additionally (nh3)~1/2(logn)? = o(1).

(D2) The distribution of X has bounded support X. For almost every x € X, the covariate Z has
a conditional density fz x(-|z).

(D3) For any vector b with ||b — b;|| < 7 the two functions u — fzx(so(—2Tb, + u)|z) and
u — Fyx 7(0lz, so(—2T by +u)) are two times continuously differentiable at every u € Uy(0)
for almost every x € X and the first and second derivatives are uniformly bounded [uniformly
over x € X,7 € T).

(D4) The function u — fz)x(so(—x by +u)|z) is k—1 times continuously differentiable for every x €
X at every u with |u| < n. All derivatives are uniformly bounded and uniformly continuous
uniformly in #,7. The function u — Fy |y z(0]z, S — 0(—=z7b; + u)) is k times continuously
differentiable at every w with |u| < n at almost every x € X’ and all derivatives are uniformly

bounded and uniformly continuous uniformly in z, 7.

(D5) The map 7+ S is uniformly on 7" Holder continuous of order v > 0, that is sup, e |7 (<5 | Br—
B || < C§7 for some universal constant C, some v > 0 and all § < §y with dg > 0.

(D6) For any 71 # 72 with 71,79 € T there exists € > 0 such that P(|W7(3,, — Bn)|l <¢) =0.

(Q) We have infer | Amax(Q (S0, br, 7))| > 0 where Apax(A) denotes the largest eigenvalue of the
matrix A and we defined

zaldPx (x).

u=0

Qs.07) = [ 5((7 = Froix 2Ol (-0 ) fax (s(—a"b + 1))

The conditions on the kernel function K are standard in the binary response setting and were for
example considered in [Horowitz (2009) and [Kordad (2006). Assumptions (D2)-(D4) and (Q) are
uniform versions of the conditions in [Horowitz (1992) and are needed to obtain results holding
uniformly in an infinite collection of quantiles. Condition (D5) is needed to obtain a rate in the



uniform representation below. Condition (D6) implies asymptotic independence of the limiting
variables corresponding to different quantile levels. Essentially, it states that quantile curves cor-
responding to different quantile levels should be "uniformly separated’ which is reasonable in most
applications. In particular, (D6) follows if the conditional density fy« (ylw) of Y* given W is
uniformly bounded away from zero for all (y,w) with Fyy (y|w) € T and w in the support of W.

Remark 2.4 Some straightforward calculations show that under assumption (D3) and the bound-
edness of the support of Z the matrix Q(so,br,7) in condition (Q) is the second derivative of the
function b — S ((s0,b7)T) evaluated in b,. Since S is assumed to be maximal in this point, the
matrix Q(so,br,7) is negative definite, and thus we need to bound its largest eigenvalue away from
zero in order to obtain a uniform version of the non-singularity of Q.

Theorem 2.5 Under assumptions (A), (B), (D1)-(D5), (F1), (K1)-(K3), we have

Q(307 67'77—)(67' - B'r) = _Tn(sm 67'77—) + Rn(T) (21)
where
. L 0Su(sb) 1 XTv+s2;
Tn(sa b7 T) T 8[) - nhn ;(Y; - (1 - T))XZK<T)7

su:[F) |R(T)|| = Op(kyn):=0p ((hlfl + (nhn)_1/2 logn)((nhi)_1/2 logn + hy, + an)).
TE

In particular, k, = o(h¥ + (nh,)~'/?) and thus negligible compared to T, (so, by, 7).
Now assume that additionally condition (D6) holds. Then, for any finite collection 11,...,7x € T

we obtain
/ S N 7 . D 7 )1
( nhn<b7’j ij TTL(S(]vij)T])))j:l"”’k - <(QTj(807ij7T])) MTj)j:L...J{: (22)
where
hk
Th(s,b,7) = k—T'L ka(v)dv/gk(s,b,az)deX(az),
2 T T
9i(5.2,8) 1= 5 ((7 = Fyop 200, s(=2"b + W) f1x (s(=a b+ w)l2)) | _ .

M, M, are independent for j # i and
M, ~ N(0,%,).

where

Y=7(1— 7-)/Kz(u)du/:L":L'szX(—Sole_)T|$)dP)((:E).

Compared to the results available in the literature [e.g. in [Kordas (2006) and Horowitz (2009)],
the preceding theorem provides two important new insights. To the best of our knowledge, it is
the first time that the estimator is simultaneously considered at an infinite collection of quantiles.
Equally importantly, it demonstrates that the joint asymptotic distribution of several quantiles
differs substantially from what both intuition and results in [Kordas (2006) seem to suggest.



Remark 2.6 In contrast to the ’classical’ case, the properly normalized quantile process at differ-
ent quantile levels converges to independent random variables. An intuitive explanation for this
surprising fact can be obtained from the asymptotic linerization in (2.I)). For simplicity, assume
that the kernel K has compact support, say [—1,1]. Then all observations that have a non-zero
contribution to Tn(SQ,I_)T,T) will need to satisfy |W71 S| < hy|B-1]. In particular, letting h,, — 0
implies that asymptotically for different values of 7 disjoint sets of observations will be driving the
distribution of T;,. Similar phenomena can be observed in other settings that include non-parametric
smoothing, a classical example being density estimation. Note that regarding this particular point
the paper of Kordas (2006) contained a mistake. More precisely, Kordas (2006) claimed that the
asymptotic distributions corresponding to different quantiles have a non-trivial covariance which is
not the case.

In particular, the above findings imply that there can be no weak convergence of the normalized
process (M (lA)T — b, — T,(so, br, T))) in a reasonable functional sense since the candidate
limiting process’ has a ’'white noise’ strlgggure and is not tight. This will present an additional
challenge for the analysis of estimators for binary choice probabilities constructed in the following

section.

3 Estimating conditional probabilities

Partially due to the lack of complete identification, the coefficients estimated in the preceding
section might be hard to interpret. A more tractable quantity is given by the conditional probability
pw = P(Y = 1|W = w). One possible way to estimate this probability would be local averaging.
However, due to the curse of dimensionality, this becomes impractical if the length of W exceeds 2
or 3. An alternative is to assume that the linear model ¢, (w) = w? 3, holds for all 7 € T' C [0, 1]. By
definition of Y = I{Y* > 0}, the existence of 7, € T with w'3,,, = 0 implies that p,, = 1 — 7,. On
the other hand, the quantile function of Y* is given by w” 8, and thus P(Y* < 0O|W = w) = w’ 3,,,.
By definition of the quantile function and the assumptions on Y*, 7 < 7, & w’ 3, < w’3,,. This
implies the equality 7, = fol IH{w” B, < 0}dr. In particular, we have for any (a,b) C T with
a<Ty<b

1 b b
Pw = / Hw' B, > 0Ydr =1 — b+/ H{w' B, > 0Ydr =1-1b +/ H{w’ B, > 0Ydr
0 a a

This suggests to estimate p,, by replacing 3, in the above representation with the estimator BT from
the preceding section after choosing (a, b) in some sensible manner. The fact that B is an estimator
of the re-scaled version 3, is not important here since multiplication by a positive number does not
affect the inequality w” 8, > 0. From here on, define

b
Puwla,b) =1— b+/ I{w"” 3. > 0Ydr. (3.1)

This also indicates that in order to estimate p,, we do not need the linear model ¢, (w) = wT B; to
hold globally and also do not require that 5, can be estimated for all 7 € T'. In fact, the validity



of the linear model ¢,(w) = w’ 3, for 7 in a neighbourhood of 7, and estimability of 3, on this
region is sufficient for the asymptotic developments provided below.

Remark 3.1 Assume that the estimator BT is uniformly consistent and that additionally for any
d > 0 there exists €5 > 0 such that inf},_; >s |wT (B, — Br, )| > €5. Then uniform consistency of 3,
will directly yield that, with probability tending to one, py,(a,b) = py(a’,b') as long as a < 7, < b
and @' < 7, < b/. This suggests that from an asymptotic point of view the choice of a,b in the
estimator p,(a,b) is not very critical. On the other hand, 7, is unknown in practice. Thus choosing
a,b as small and large as the data allow, respectively, seems to be a sensible practical approach.
At the same time, identifiability at infinity is not needed to obtain an estimator of probabilities for
points that are bounded away from the boundary of the covariate space.

Remark 3.2 The definition of p,, is closely connected to the concept of rearrangement [see Hardy et al.
(1988)]. More precisely, recall that the monotone rearrangement ® of a function g : [0,1] — R is
defined as

1
By(u) = U (u),  Uylv) = /0 I{g(u) < v}du

where W' denotes the generalized inverse of the function u ~— W,(u) and the first step of the
rearrangement, W, is the distribution function of g with respect to Lebesgue measure. Thus we can
interpret the integral fol I{w” B, < 0}dr in the definition of 7, as the distribution function of the
map 7 — w’ B,. Previously, a smoothed version of the first step of the rearrangement was used
by [Dette and Volgushev (2008) to invert a non-increasing estimator of an increasing function in
the setting of quantile regression. On the other hand, it is not obvious if the function 7 — w” 3,
is increasing since 3, is s re-scaled version of the quantile coefficient 3,. However, as we already
pointed out in Remark B.I] the function 7 — w” 8, will still have a unique zero. As we shall argue
next, the first step of the rearrangement map can provide a way to estimate this zero point in a

sensible way.

The properties of the rearrangement viewed as mapping between function spaces were consid-
ered in Dette et al! (2006) for estimating a monotone function and (Chernozhukov et al! (2010)
for monotonizing crossing quantile curves. In particular, the last-named authors derived a kind
of compact differentiability of the rearrangement mapping at functions that are not necessar-
ily increasing. However, those results can not be directly applied here since [Dette et all (2006)
and Dette and Volgushev (2008) applied smoothing while the compact differentiability result of
Chernozhukov et al! (2010) requires a process based functional central limit theorem. Due to the
asymptotic independence of the limiting distributions in Theorem 2.5] such a result is impossible
in our setting. Still, a general analysis of the rearrangement map is possible and will be presented
next. The crucial insight is that the process 7 — (nhy)Y2(3, — ;) is still sufficiently smooth on do-
mains of size decreasing at the rate h,, while its convergence to the limit takes place at a faster rate.

We begin by stating a general result that allows to derive a uniform linearization of the map
U defined above. In situations where a functional central limit result does not hold (this will often
be the case in the situation of estimators build from local windows), this result seems to be of



independent interest. In particular, it can be used to derive a uniform Bahadur representation for
the estimator p,, in the present setting.

Theorem 3.3 Consider a collection of functions gq : [0,1] — R indezed by a general set Q and
assume that for all g € Q there exists ug 4 € (0,1) with gq(uo,q) = 0. Additionally, assume that each
gq s continuously differentiable in a neighbourhood Us(ug 4) C (0,1)Vq € Q and that its derivative
is uniformly Hélder continuous of order v with constant Cg both not depending on q, and that for
any € > 0 we have infyinf), . 15c194(w) — gq(uoq)| > 0 and inf, gy (uoq) > 0.

Denote by gnq : [0,1] = R a collection of estimators for g;. Assume that

Sup  sup |9n7q(u07q) - gn,q(u) - (gq(UO,q) - gq(u))l = Op(&n(en)), (3.2)
qEQ Ju—uo,q|<en
that
SUp SUp |gn,q(u) — gq(u)| = op(1) (3.3)
q wue€l0,1]
and that
sup  |gn,q(u) — gg(w)| = Op(Ry). (3.4)
lu—ug,q| <6

If for all ¢, = o(Cy,) with some given Cp,, — oo we have &,(Ryc,) = o(Ry,) it follows that for any
collection of points aq, by € (0,1) with ag+¢e < uy < by —e with e > 0 fizred we have with probability
tending to one

bg
Uy, .(0) = aq +/ Hgngq(u) <0}du VYgeQ (3.5)
and
sup [y, (0) = Wy, (0)] = Op (RE™ + u(Ruct) ). (3.6)
q€Q

where f(x+) :=lim\p f(z +¢).

We now state the additional assumptions that are needed to derive the limiting distribution of p,,.
Assume that for some § > 0 the conditions of Theorem hold on the set 79 := [ty — 6, ty + 0]
with T := [tr, ty] C (5,1 —0). For this T', we will need the following conditions.

(T1) Define the set Wys := {w € W| 31, € T° : w” B,,, = 0}. Assume that for every w € Wys there
exists a unique 7, € T with w” 8, = 0. Assume that the function 7 — 3, is continuously
differentiable on T, that its derivative, say A, is uniformly Holder continuous of order v > 0
and that Ly := inf_cps [wT AL | > 0.

(T2) The function 7+ Q(so, b,,7) is Holder continuous of order v > 0 uniformly on 7°.
(K4) We have sup,>. |K'(z)| < ¢~ 1/27¢ for some € > 0 and all ¢ > c.

The above conditions ensure that the collection of estimators gy, ., (7) = wTBT satisfies the condi-
tions of Theorem [3.3] [see Lemma [£.4] for condition (3.2))]. An application of this result thus directly
yields the following result.
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Theorem 3.4 Assume that for some 6 > 0 the conditions of Theorem hold on the set T =
[tr —0,ty + 6] with T = [tp,ty] C (6,1 —0) and let conditions (T1), (T2), (K4) hold. Assume that
for each w € W we have (., by) C T°. Then for any w € Wy := {w € W| I, € T : w”' B, = 0}

ﬁw(aw,bw) _pw = _wT(/éTw - BTw)’wTATw‘_l + R7(7,2)(w)

with

1 (logn)'*7  (logn)?
RP(w)| =0
jg&' n (W) =Op ((nhn)1/2< (nhn )32 " (nh3)1/?

where Kk, was defined in Theorem [2.0. In particular, the remainder is negligible compared to

)) +op(hE) + Op(n)

—wl (Br, — Br,)lWT AL, |7, Moreover, for any finite collection w, ..., wj, € Wy with w]T = (2j,2;)

we obtain

<\/ nhy, (ﬁwj — Puw; + |wTATw|_1$?Tn(507Bij7ij))> 1k
J=L

D T -1,.T 7 -1
B (@ B )M @ (0B 7o) M)

where Ty,, M, is as defined in Theorem [2.3.

From the results derived above, we see that the convergence rate of the estimators for binary
choice probabilities corresponds to the rate typically encountered if one-dimensional smoothing is
performed. Compared to the results of [Khan (2013) whose rates correspond to d—dimensional
smoothing, this can be a very substantial improvement. While our assumptions are of course
more restrictive than those of [Khan (2013), the form of allowed heteroskedasticity is somewhat
more general than the simple multiplicative heteroskedasticity or even homoskedasticity assumed
in previous work. While we of course do not suggest to completely replace the methodologies
developed in the literature, we feel that our approach can be considered as a good compromise
between flexibility of the underlying model and convergence rates. It thus provides a valuable

supplement and extension of available procedures.
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4 Proofs

Proof of Lemma [2.3] By Lemma 2.6.15 and Lemma 2.6.18 in lvan der Vaart and Wellner (1996),
the classes of functions {(y,w) — yI{w” B > 0}|8 € R} and {w — I{w” B > 0}|3 € R*1} are
VC-subgraph classes of functions. Together with Theorem 2.6.7 and Theorem 2.4.3 in the same

reference this implies

sup |S7(B) — Snr(B)] =0o(1) a.s. (4.1)

7€[0,1],f€Rd+1

Next, observe that almost surely

S0r(8) = Snr B)] < sup [K(w/ha) = I{o 2 O} + (1+ sup [K(w)]) - Y- TIBTWi| < chn}.

[v|>c i=1

Moreover,
I{|BTW;| < chy} = I{BTW; < ch,} — I{BTW; > —chy,},

and the classes of functions {w — I{w” B < c}|B € R™ ¢ € R}, {w — H{w"B > c}|B € R ¢ €
R} are VC-subgraph by Lemma 2.6.15 and Lemma 2.6.18(viii) in in van der Vaart and Wellner
(1996). In combination with Theorem 2.6.7 and Theorem 2.4.3 from the same reference this implies

1 n
sup sup |— ZI{|6TWZ-| < chy} — P(|BTW;| < chy)| = 0 a.s.
BER+L ceR ' T ST

Setting ¢ = ¢, = h'? in the bound for 15n.+(8) — Snr(B)| we see that the first term, which is
independent of 3, converges to zero by assumption (K1). Moreover, by assumption (F1) we have
for g = (1,67)T

sup P(Z; + bTXZ-| < cphy) = sup /FZX(—bT:E + h,11/2|x) — FZ|X(—bT:17 - h,11/2|:17)dPX ()
bERd beRd

= o(1)

almost surely. A similar results holds for 8 = (—1,b")”. Combining all the results so far we thus
see that
Snr((5,07)7) = S ((5,061)1)| = 0(1) .

Sp = sup
beR?, s=+1

Finally, observe that almost surely

sup ||/BT,TL - /BTH S 2d(8n) = 0(1)
TeT

where d(s) was defined in condition (D1). To see that this is the case, observe that BAT,n maximizes
S,,.+(8), and thus we have a.s. for every 7 € T

0 é Sn,ﬂ-(ﬁﬂ-) - Sn,T(/BT) S ST(/BT) - ST(BT) + 28”7

which implies sup, |S;(8;) — S-(3;)| < 2s,, since S-(8;) > S-(3;) for all 7 € T O

12



Proof of Theorem Define the quantities

. " Th 4 57,
Sulssbir) = =3 - (1= (R, (42)
i=1 "

First, by uniform consistency of 3, and given the fact that sp € {—1,1} we see that with probability
tending to one §; = sg for all 7 € T. Thus defining

bT = argmaxbeRdgn(SOa b7 T)

we see that P(l;T = b,Vr € T) — 1. Moreover, uniform consistency of b, implies that with
probability tending to one it will satisfy sup, <z [|br — br|| < 7, and continuous differentiability of
b S,(s,b,7) for b with ||b— b,|| < n implies that

Tn(SO,BT,T) =0 VreT.

A Taylor expansion now yields that with probability tending to one

~ —

Ty (50,br,7) + Qun(s0,b5,7)(by —b,) =0 VreT

where

~ _ OTy(s,b,7) _ 7o ( XL+ sZ
Qulsb,7) = =0 > Z 1-7)X: XK <T> (4.3)

and b* = &,(7)br + (1 — &,(7))by for some &,(7) € [0,1]. Rearranging we obtain

Q(807 BT,T)(BT - 67’) = _Tn(SOa bTaT) + (@n(sv b;k—vT) - Q(S, bT7T))(bT - T)‘ (4'4)

Since ||b; — by|loo = 0p(1) uniformly over 7 € T and since the same holds for T}, (so, by, 7) [see
Lemma 2], there exists a 7, — 0 such that

slelffp) H — T (50, bry 7) + (Qn(s,b%,7) — Q(s, by, 7)) (br — by)

= OP(’Yn)-

By the conditions on Q(sg, by, ) this implies sup._ ||b- — b;|| = 0p(7,). By Lemma F1] this in turn
implies

up [ Qn(s,7,7) = Qs,br. )| = Op((nh) ™ logm) + Olf) + 0p(1n).
TE

Plugging this into (4.4]) and repeating this argument [note that every application yields an improve-
ment of the bound until 5, ~ sup. ||T},(so, by, 7)||] yields the assertion (2.IJ).
For a proof of assertion (Z.2]) note that for x # 7 and any § > 0 we have as n — oo

E[ [ (So,bT,T)TT (so,bm,‘i)m
< nh2//‘K x Ty, +SOZ)K(33 bh+802>‘fZ|X (z|2)d=dPx ().
< =z [ (s 1K@+ K081 < 18,47'6))

Jal >yt

><(| sup (o) + 1Kol "Bl < Bral 6} ) dPiy (w)
al|>0hy,

13



The assumptions on K now imply that for any § > 0 we have sup, - 5,-1 |K(a)| = o(h2). Thus it

remains to consider the integral
J UKW B < 1a | SHIWT 60] < 8,1 8} ().

By condition (D6), this integral equals zero if we choose § such that |8,1]716 and |B;1|71d are
below the e specified in that condition. Thus EH

Tn(so,bT,T)TTn(So,bR,/{)m = o(nh, ') and the

covariance is negligible compared to the variance which is of order nh, '. The rest of the proof

follows by standard arguments and is omitted. O

Lemma 4.1 Under assumptions (K1), (K2), (B), (D2), (D3), (D5) we have [a, was defined in
assumption (K2)]

sup  sup HE[Qn(Sm b, 7)] — Q(s0,0, T)H = O(hyp, + ap), (4.5)
TE€T ||b—br||<n o
sup sup HQn(so, b, 7) — E[Qn(s0,b,7)] H = Op((nhi)_l/2 logn), (4.6)

TET ||b—b-[<n o

where Qn(s,b,7) was defined in (4-3). Moreover, we have for any a, — 0

sup  sup

> ‘Q(s()’BT’T) - Q(‘SO)va)H < Oan (47)
v b5, |<an =

for a, small enough and some universal constant C.

Proof We begin by considering assertion (45]). Observe that

zTh+ 302)

BlQu(s0:07)) = 5 [ [ (= Fropx 20l 2) fzix Gla)aa K d=dPx (2)

n

= h_ln // <7’ — Py« 1x,2(0|z, so(vhy, — l‘Tb)))fZ|X(80(Uhn — 2Tb)|x)za? K'(v)dvdPx (z).

The assertion now follows from a Taylor expansion, the assumptions on K, and standard arguments
similar to those given in [Horowitz (2009). For a proof of (£6) note that for i, j = 1,...,d we have

< h,?n7 Y2 sup |Ga(f))
feFid

i,J

sup  sup ((@n(SO,bJ)—E[@n(SO,bJ)])
€T |[b—b | <1

where F5? denotes the n—dependent class of functions

zT (b +b) + s02
ho,

Fi = { funele.2) = K )= (1= )iz |b € RY o) < nm €T}

and

Gn(f) = n_1/2 Z(f(le Yi, Zi) - E[f(XZ’}/Z’ ZZ)])
=1
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Now uniform Holder continuity of K’, uniform Holder continuity of 7 + b,, and uniform bounded-
ness of x implies that for every sufficiently small § > 0 we have for all |7 — 7/| <4, ||b — V|| < 4 for
some v > 0

an,b,ﬂ'(xayaz) - fn,b’,T’(x7y7Z)”OO = h (’T -7 ’ﬁ/ + ”b - b/”fy)

with C denoting some constant independent of n,7,7’,b,b’. This shows that for sufficiently small
e the || - ||oo-bracketing number [see lvan der Vaart and Wellnen (1996), Chapter 2] of the class F,’

is bounded by
N (&, Fi ||+ lloo) < Cyhyy @D/ 7e= @0/,

Next, observe that for any 7 € T, ||b|| < n

E[f2,.(X,Y,2)] < C//(K’ Lo +b)+soz)( d=dPy (z C//\K’ b Y)|dzdPy (z)

_ hnC/ K (2)dz.
R

Combining this with Lemma [A.T] yields

sup |Gy (f)] = Op(hy/*logn),
feFy

and thus the proof of (4.0]) is complete. Finally, assertion ([4.7]) follows by the smoothness properties
of Fy«|x,z and fz x. Thus the proof is complete. O

Lemma 4.2 Under assumptions (K1)-(K3), (B), (D2), (D4), (D5) we have

sup BT (50,57, 7)) = Tauls0,be, )| | = 0(%), (4.8)
TE o0
sup || T (s0, br, 7) — E[T,(s0, BT,T)]H = Op((nhy)"*logn). (4.9)
TeT 0

Proof The proof of (4.9) follows by arguments very similar to those used to establish (4.0]) and is
therefore omitted. For the proof of (4.8]), note that

E[T,(s0,br,7)] = // (T = Fy+x,2(0]z, 2)) K (SOZ +olhs )fZ|X(Z]a:)dzdPX(x)
= Isol / / o7 = Fy+1x,2(0lz, s0(vhn — @ bT)))fZ\X(SO(Uhn — 2Tb,)[a) K (v)dvd P ().
— //h | a:<7- — Fy«1x,2(0|z, s0(vhn — xTBT))>fZ\X(So(Uhn — 7)) K (v)dvdPx ()
vhp|>n
+ / /|vhn|<n a:<7' — Fyeix.2(0]z, so(vhy, — xTBT))) F21x(s0(vhn — 27B,) ) K (v)dvd Py ().

The order of the first integral is o(h¥) by the assumptions on K. The assertion now follows by a
Taylor expansion of the function

wir (7= Frepx 2002, 50 (u = 278,)) ) fzpx (s0(u — 27b, ),
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which holds for |u| <7 the assumptions on K and standard arguments. O

Proof of Theorem [B.3] The statement (B.35]) is a direct consequence of the condition on the
collection of functions g, and the uniform consistency in (3.3).

The main technical ingredient for the remaining proof are the bounds provided in Lemma 3]
Consider an arbitrary sequence ¢, — oo with &,(Ryc,) = o(R,) and set r, := Ryc,. Then, with
probability tending to one we have for all ¢ € Q

uO,q"F'f‘n

¥4, (0) = %3, 0 = [ Hoy(w) < 0} = Hgng(u) < 0}

0,q—Tn

and for all p > 0 there exists ng € N such that for all n > ng we have sup, |gnq(uoq)| +
2(§n (Tn)"l‘CH 7',71L+/7)
l94(u0,q)l
in Lemma 3] we thus see that for each ¢ € @, as soon as r, < § and n large enough we have with

< r, with probability at least 1 — p [this follows from ]. Applying the bound

probability at least 1 —p

u0q+rn
Inq(Uo,q)
sup‘/ I{gy(u) <0} — I{gnq(u) < 0}du — ——==
gy 9000 08 = Homal) < O =0,

2¢, (Tn) + 4CH7‘n
q |9{1(U0,q)|

Since p was arbitrarily small, the claim of the Theorem follows with r,, instead of R,,. Since ¢, can
converge to infinity arbitrarily slowly, the claim also holds with R,, instead of r,. This completes
the proof. O

Lemma 4.3 Consider functions g,h : [0,1] — R and assume that for some ug € (0,1) we
have g(ug) = 0. Additionally, assume that g is continuously differentiable in a neighbourhood
Us(uog) C (0,1) and that its derivative is uniformly Hélder continuous of order ~y with constant
Cr. Define £(g) := supj,_yg|<c [M(uo) — h(u) — (g(uo) — g(u))|. Then for any e < § such that
[h(uo)| + W < e we have for [ug — e,up + €| C [a,b]

b b .
| [ ot < 0pdu— [ (htu) < 03du ~ iy ) htu)| < O

Proof. Rewrite

I{h(u) <0} = I{h(uo) = (g(uo) — g(u)) = (h(uo) — h(u) = (9(uo) — g(u)))}

and observe that by the properties of g we have

sup |g(u) — g(ug) — ¢ (uo)(u — ug)| < Cye'*?

|lu—up|<e

Thus the indicators I{h(ug) + ¢'(uo)(u — up) < 0,|u — ug| < e} and I{h(ug) — (g(uo) — g(u)) —
(h(up) — h(u) — (g(uo) — g(u))), |lu — up| < €} can only take different values on an interval with
length at most 2(£(e) + Cre'™)/|g' (uo)|. Thus we see that

up+-e ugte )
/ T{h(u) < Oydu _/ - I{h(uo) + ¢ (uo)(u — ug) < 0}du| < 2(5(6?;;(121){"5 ﬂ).

0—€
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Recalling that g(ug) = 0, similar arguments yield the bound

uote uote 14y
‘ / I{g(u) < 0}du — / I{g (uo)(u — up) < 0}du| < 2C/H7€

0—E 0 ‘
|9’ (uo)|
Finally, a simple computation shows that under the assumption |h(ug)| + %ﬁ?ﬁw < e we
have
ug+e up+e
’ / h(u())
I{g'(uo)(u — up) < 0}du — I{h(uo) + g'(uo)(u — uo) < O}du = ——=.
ug—€ ug—& ’g (UO)‘
Thus the proof is complete. O
Lemma 4.4 Under the assumptions of Theorem we have for any r, = o(hy,)
sup  sup  ||Br, — Br — (Bry — Br)lloe = Op(n™ Y2132, log n) + o(hF) + Op(ky)

Tw€TS ‘T_Tw|STn

where Kk, was defined in Theorem [2.3].

Proof From Theorem we know that §, = s¢ for all 7 € T9 with probability tending to one,
and thus it suffices to find a bound for ||b; — by — (by, — br, )||ss. Here we have for any 7,7, € T°

BT - b'r - (i)m - Bm)
= —Q(s0, bTvT) T (50, bTvT) + Q(s0, Tw?Tw) 1Tn(30,5m77'w) + Ro(7) + Ry(7w)
= Q(307 bTwaTw) ! <Tn(307 brwyTw) - Tn(307 braT))

+(Q(307 l_)TwyTw)_l - Q(S(]a l_)TaT)_1>Tn(307 BT7T) + Rn(T) + Rn(Tw)-

Combining condition (T2) with the results from Theorem 2.5l and Lemma [£.2] we see that the term
in the last line is of order Op(((nhy)~"/?logn + hE)'*7 + k,,). For the first term, note that

Tn(SOa l_)TumTw) - Tn(SOa 67—77—)H < Dl,n + D2,n
00

sup sup
Tw €T’ ‘T_Tw | <rn

where
Dy, i= sup sup hy'n G (f) = Galg)],
I=Ld | fglla<hnPrn f.9€ Fn;

[T0 (50, b7, s Tw) — T (50, b7, T)] H ,

o

D3, = sup sup

Tw eTs |7'_7'w ‘<7"n

Gu(f) = —Z (X, Yi, Z;) — E[f(X:, Y, Z))),

and the classes of functions F,, ; are given by

T (by +b) + sz
( ) )fﬂj(y

Fnj = {(z,x,y) — K( W

—(1-7)|be R b <n,T€ Té}.
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In order to see that the representation for D ,, is true, note that

Tn(SO, l_)Tw’Tw) - Tn(507 67’7 T)

- a2 (R (PR 0 - -y - e (K 0 )

In particular we have for n large enough

)i - (- - (Kl o)

XZTBT + Sozi) ‘ |XZTZ_)T — XZT67—1U|
h, hy,

XZTBT + SOZi
K

< sup K'(U—i—

+ sup | K (v)||7 — 7|
[v|<1 v

This shows that for sufficiently small e the || - [|-bracketing number [see van der Vaart and Wellner
(1996), Chapter 2] of the class F,, ; is bounded by

M (& Fags |l - lloo) < Chy V=D,

Moreover, the above bound implies that for |7 — 7,| < r,, we have for n large enough

XIb, + 502 XTb,, +s0Z;
ap o [(XDtyy oy (Mt |
W |T—Tw|<rn n n 2
< Ch;l/zrn.

Applying Lemma[A Tl to the classes of functions {f —g|f,g € Fnj, ||l f— gl < C’hﬁlprn} thus shows
that Dy, 1 = Op(n_1/2h;3/2rn logn).
Next, consider D,, 9. By the results in Lemma we have

o ; .
Dy = sup | 5o (7 = Fyepx 2Ol so(=2"b 4 ) fz1x (s0(~a" b+ w)o)

—(Tw — FY*\X,Z(0|$, 80(—$Tl_?rw + U)))fZ|X(80(—$TZ_?Tw + U)|!L")) u:O‘ + O(hfz)-

From condition (D4) we see that the left-hand side in the above expression of of order o(h¥). Thus

the proof is complete. O

A Technical details

Lemma A.1 Assume that the classes of measurable functions JF, consist of uniformly bounded

functions (by a constant not depending on n). If additionally

NH(]:”’ g, L2(P)) < Cnf™¢

for every e < 8, some a > 0 and constants C,b not depending on n, then we have for any 6, ~ n=°

with b < 1/2

vn sup (/fdPn—/fdP> :O}B(én(\logénl—klogn)).

fe}—nvllf”P,QS&n
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Proof. Start by observing that the uniform boundedness of elements of F,, by D implies that
F = D is a measurable envelope function with Lo-norm D. Note that for 7, sufficiently small

a(ng,) = nnD/\/l +log Ny(nn D, Fr, L2(P)) > Dn,,/\/1 +log C 4 blogn — alog(Dmny,)

> DCny/+/|logn,| +logn

for some finite constant C' depending only on a,b,C, D. Thus the bound in Theorem 2.14.2 in
van der Vaart and Wellner (1996) yields for d,, sufficiently small

< jup [ ]

IN

D60, o La(P)) Vit [ FQI{F(w) > Via(5,)}P(du)

DC/né, }

|log 6, | + logn

C'v/noy, }
|log 6, | + logn

IN

On
DCl/ \1ogay+1ognds+DﬁI{D>
0

IA

DC»6,(|log 6, + log n) + D\/ﬁl{l >

where «,, := \/n(P, — P), P, denotes the empirical measure, and C7,Cy are some finite constants.
Here, the second inequality follows by a straightforward calculation and the first inequality is due
to the fact that for §,, sufficiently small by definition

Sn On
J[](dn,}"n,L2(P)):/ \/1+logNH(eD,}'n,L2(P))ds§C’l/ log | + log nde.
0 0

Now under the assumption on §,, the indicator in the last line will be zero for n large enough and
thus the proof is complete. O
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