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Abstract

In this paper new tests for the independence of two high-dimensional vectors are investigated.
We consider the case where the dimension of the vectors increases with the sample size and propose
multivariate analysis of variance-type statistics for the hypothesis of a block diagonal covariance
matrix. The asymptotic properties of the new test statistics are investigated under the null hy-
pothesis and the alternative hypothesis using random matrix theory. For this purpose we study
the weak convergence of linear spectral statistics of central and (conditionally) non-central Fisher
matrices. In particular, a central limit theorem for linear spectral statistics of large dimensional
(conditionally) non-central Fisher matrices is derived which is then used to analyse the power of
the tests under the alternative.

The theoretical results are illustrated by means of a simulation study where we also compare
the new tests with several alternative, in particular with the commonly used corrected likelihood
ratio test. It is demonstrated that the latter test does not keep its nominal level, if the dimension of
one sub-vector is relatively small compared to the dimension of the other sub-vector. On the other
hand the tests proposed in this paper provide a reasonable approximation of the nominal level in
such situations. Moreover, we observe that one of the proposed tests is most powerful under a

variety of correlation scenarios.
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1 Introduction

Estimation and testing the structure of the covariance matrix are important problems that have a
number of applications in practice. For instance, the covariance matrix plays an important role in the
determination of the optimal portfolio structure following the well-known mean-variance analysis of
Markowitz (1952). It is also used in prediction theory where the problem of forecasting future values
of the process based on its previous observations arises. In such applications misspecification of the
covariance matrix might lead to significant errors in the optimal portfolio structure and predictions.
The problem becomes even more difficult if the dimension is of similar order or even larger as the
sample size. A number of such situations are present in biostatistics, wireless communications and
finance (see, e.g., Fan and Li (2006), Johnstone (2006) and references therein).

The sample covariance matrix is the commonly used estimator in practice. However, in the case
of large dimension (compared to the sample size), a number of studies demonstrate that the sample
covariance does not perform well as an estimator of the population covariance matrix and numerous
authors have recently addressed this problem. One approach is based on the construction of improved
estimators in particular shrinkage type estimators which reduce the variability of the sample covariance
matrix at the cost of an additional bias (see, Ledoit and Wolf (2012), Wang et al. (2015) or Bodnar
et al. (2014, 2016) among others). Alternatively several authors impose structural assumptions on the
population covariance matrix such as a block diagonal structure (e.g., Devijver and Gallopin (2016)),
Toeplitz matrix (see, Cai et al. (2013)), band matrix (see, Bickel and Levina (2008)) or general
sparsity assumptions (see Cai et al. (2011), Cai and Shen (2011), Cai and Zhou (2012) among others)
and show, that the population covariance matrix can be estimated consistently in these cases, even for
large dimensions. However, these techniques may fail if the structural assumptions are not satisfied
and consequently it is desirable to validate the corresponding assumptions regarding the postulated
structure of the covariance matrix.

In the present paper we consider the problem of testing for a block diagonal structure of the
covariance, which has found considerable interest in the literature. Early work in this direction has
been done by Mauchly (1940), who proposed a likelihood ratio test for the hypothesis of sphericity of
a normal distribution, that is the independence of all components. This method has been extended
by Gupta and Xu (2006) to the non-normal case and by Bai et al. (2009) and Jiang and Yang (2013)
to the high-dimensional case. An alternative approach is based on the empirical distance between
the sample covariance matrix and the target (e.g., a multiplicity of the identity matrix) and was
initially suggested by John (1971) and Nagao (1973). These tests can also be extended for testing the
corresponding hypotheses in the high-dimensional setup (see, Ledoit and Wolf (2002), Birke and Dette
(2005), Fisher et al. (2010), Chen et al. (2010)). Other authors use the distributional properties of
the largest eigenvalue of the sample covariance matrix to construct tests (see Johnstone (2001, 2008)
for example).

In the problem of testing the independence between two (or more) groups of random variables
under the assumption of normality the likelihood ratio approach has also found considerable interest
in the literature. The main results for a fixed dimension can be found in the text books of Muirhead
(1982) and Anderson (2003). Recently, Jiang and Yang (2013) have extended the likelihood ratio
approach to the case of high-dimensional data, while Hyodo et al. (2015) and Yamada et al. (2017)
used an empirical distance approach to test for a block diagonal covariance matrix.

In Section 2 we introduce the testing problem (in the case of two blocks) and demonstrate by means



of a small simulation study that the likelihood ratio test does not yield a reliable approximation of the
nominal level, if the size of one block is small compared to the other one. In Section 3 we introduce
three alternative test statistics which are motivated from classical multivariate analysis of variance
(MANOVA) and are defined as linear spectral statistics of a Fisher matrix. We derive their asymptotic
distributions under the null hypotheses and illustrate the approximation of the nominal level by means
of a simulation study. A comparison with the commonly used likelihood ratio test shows that the new
tests provide a reasonable approximation of the nominal level in situations where the likelihood ratio
test fails. Section 4 is devoted to the analysis of statistical properties of the new tests under the
alternative hypothesis. For this purpose, we present a new central limit theorem for a (conditionally)
non-central Fisher random matrix which is of own interest and can be used to study some properties
of the power of the new tests. Finally, most technical details and proofs are given in the appendix

(see, Section 5).

2 Testing for independence

Let x1,...,x, be a sample of i.i.d. observations from a p-dimensional normal distribution with zero
mean vector and covariance matrix 3, i.e. x1 ~ /\fp(O7 3)). We define the p x n dimensional observation
matrix X = (x1,...,X;,) and denote by

1 T

S =-XX

n
the sample covariance matrix which is used as an estimate of 3. It is well known that nS has a
p-dimensional Wishart distribution with n degrees of freedom and covariance matrix 3, i.e., nS ~

Wy(n,X). In the following we consider partitions of the population and the sample covariance matrix

given by
by b)) S S
Y= 1 =2 and nS = S I (2.1)
391 Yoo So1 S22
respectively, where 3;; € RPi*Pi and S;; € RP\*Pi with 4, j = {1,2} and p; +p2 = p. We are interested

in the hypothesis that the sub-vectors x; ;1 and x; 2 of size p; and ps in the vector x; = (XII, )(]—72)T

are independent, or equivalently that the covariance matrix is block diagonal, i.e.
Hy: ¥19=0 versus Hy: X125 #0. (2.2)

Here the symbol O denotes a matrix of an appropriate order with all entries equal to 0. It is worthwhile
to mention that the case of non-zero mean vector can be treated exactly in the same way observing
that the centred sample covariance matrix, has a ﬁWp(n —1,3) distribution.
Throughout this paper we consider the case where the dimension of the blocks is increasing with
the sample size, that is p = p(n), p; = p;(n), such that
im 2= <1, i=1,2
n—oo M

and define ¢ = ¢1 + ¢o. For further reference we also introduce the quantities
p—n

1 = ) 2.3

Yin o (2.3)

Yo = DL (2.4)
n—m

hn = \/71,77, + Y2,m — V1,nV2,n - (25)



A common approach in testing for independence is the likelihood ratio test based on the statistic

S| [S11] S22 — 2181, S12|

Vv, = _
S11][Sa2| 1S11([S22]

= |Lp—p, — S21571'S128%, | -

The null hypothesis is rejected for small values of V,,. Jiang et al. (2013) showed that under the
assumptions made in this section V;, can be written in terms of a determinant of a central Fisher
matrix, that is

-1
: (2.6)

Vo = ’Ipfm - F(F + ’Yl’nIpfm)_l‘ = IMF +1pp
Y2,n Yin

where F = 1851 S7}'S 15 (25— (S — S21S77'S12)) . Under the null hypothesis of independent blocks,
the matrix F is a "ratio” of two central Wishart matrices with p; and n — p; degrees of freedom.
Naturally, it is called a central Fisher matrix with p; and n — p; degrees of freedom, an analogue to
its one dimensional counterpart (see, Fisher (1939)). In particular, we have the following result (see,

Theorem 8.2 in Yao et al. (2015))

Proposition 1. Under the null hypothesis we have for Trr = log(V,,)

Tr o — (p — _
LR — (P~ P1)SLR — LR D, N(0,1),
OLR

where the quantities ,LLLR,O'%R and spr are defined by

(w2 - )02 2 w2
KHLR = 1/210g|:(w:lhn_727nd22)2 s O'LRZQIOg M ’
n 1— v, . n+ Yon i} .
sun = log (22 (1= 30002 + 2 log(ug) — 12T dog(u — di /)
2n T2 Y1,nV2,n
1-7n * *
Tt log(wy, —dihn), i € (0,1)
+ O7 'Yl,n = ]_

e log(w; — di/ha), > 1
) hn, _
with wy, = N and &, = \/Ton.
Proposition 1 shows that the likelihood ratio test, which rejects the null hypothesis, whenever

Trr — (P —p1)SLR — HLR
OLR

< —Ul—q, (2'7>

is an asymptotic level « test (here and throughout this paper uj_, denotes the (1 — «)-quantile of the
standard normal distribution). In Figure 1 we illustrate the approximation of the nominal level of the
test (2.7) by means of a small simulation study for the sample size n = 100, dimension p = 60 and
different values of p; and ps. We considered a centered p-dimensional normal distribution where the
blocks 3317 and 392 in the block diagonal matrix 3 are constructed as follows. For the first block 31
we took p; uniformly distributed eigenvalues on the interval (0, 1] while the corresponding eigenvectors
are simulated from the Haar distribution on the unit sphere. The ps eigenvalues of the second block 39
are drawn from a uniform distribution on the interval [1, 10] while the corresponding eigenvectors are
again Haar distributed. The matrices 317 and 399 are then fixed for the generation of multivariate
normal distributed random variables (312 = O). The plots show the empirical distribution of the
statistic (Trr — (p — p1)SLr — 1Lr)/oLr using 1000 simulation runs and the density of a standard
normal distribution. We observe a reasonable approximation if the dimension p; of the sub-vector

x1,1 is large compared to the dimension p of the vector xi, that is 71, < 1 (see, the upper part of
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Figure 1). However, if 7, >> 1, there arises a strong bias (see, the lower part of Figure 1) and the

asymptotic statement in Proposition 1 cannot be used to obtain critical value for the test (2.7).

Likelihood ratio, p = 60, n = 100, p_1 = 50 Likelihood ratio, p = 60, n = 100, p_1 = 40 Likelihood ratio, p = 60, n = 100, p_1 = 30

24 - - sample 24 - - Sample 24 - - sample
—— Asymptotic —— Asymptotic —— Asymptotic

Likelihood ratio, p = 60, n = 100, p_1 =20 Likelihood ratio, p = 60, n =100, p_1=15 Likelihood ratio, p = 60, n =100, p_1 =10

< < <
S - - sample S - - sample S - - sample
— Asymptotic — Asymptotic — Asymptotic

Figure 1: Simulated distribution of the statistic (Tpr — (p—p1)SLr — LLR)/0LR und the null hypothesis
for sample size n = 100, dimension p = 60 and various values of p1 = 50, 45,40, 30, 15,10. The solid

curve shows the standard normal distribution.

Motivated by the poor quality of the approximation of the finite sample distribution of the likelihood
ratio test by a normal distribution if the dimension p; is small compared to the dimension py we now
construct alternative tests for the hypothesis (2.2), which will yield a more stable approximation of
the nominal level. For this purpose, we first note that a non-singular partitioned matrix X in (2.1) is
block diagonal (i.e. 391 = O) if and only if 3o, EilElg = O. Therefore, a test for independence can
also be obtained by testing the hypotheses

Ho . 22121’11212 = O versus H1 . 22121’11212 75 0. (28)

In the following section we will propose three tests for the hypothesis (2.8) as an alternative to the
likelihood ratio test.

3 Alternative tests for independence and their null distribution

Recall the definition of the matrices 3 and S in (2.1) and denote by X991 = 399 — 22121_11212 and
So9.1 = Sog — szlsﬁlslg the corresponding Schur complements. From Theorem 3.2.10 of Muirhead
(1982), it follows that

SuSH 2181~ Ny (BnS11S11%, Boot @ 1)),

So21 ~ Wpp, (n—p1,X201),



and the Schur complement Sos.1 is independent of Soy Sl_ll/ % and S11. Hence, under the null hypothesis,

= 891811'S12 ~ Wy_p, (p1, Ea2.1),
= Soo1 ~ Wp—p, (n —p1, X221),

)

and W and T are independent. Under the alternative hypothesis Hi, W and T are still independent
as well as T ~ Wp—p, (n — p1, E22.1), but W has a non-central Wishart distribution conditionally on

Sq1, i.e.,
W|S;; ~ Wp—p1 (P1, L22.1, 21(S11))

where the non-centrality parameter is given by
Q1 =0(S1) =25 a2 SuE [ .

For technical reasons we will use the normalized versions of W and T throughout this paper. Thus,

the distributional properties of W = pil\/ﬂ\/' and T = n_lpl'i‘ are very similar to the ones observed for
the within and between covariance matrices in the multivariate analysis of variance (MANOVA) model
(see Fujikoshi et al. (2004), Schott (2007), Kakizawa and Iwashita (2008)). More precisely, py W and
(n—p1)T are independent (under both hypotheses) and they possess Wishart distributions under the
null hypothesis. However under the alternative hypothesis the matrix p;W has only conditionally
on S1; a non-central Wishart distribution, while the unconditional distribution appears to be a more
complicated matrix-variate distribution. The similarity to MANOVA motivates the application of

three tests which are usually used in this context and are given by
(i) Wilks’ A statistic:

p—p1

Ty = —log(|T|/|T + W|) =log(|T+ WT ') = > " log(1 + v;) (3.1)
i=1
(ii) Lawley-Hotelling’s trace criterion:
p—p1
Trg =tr(WT ) =), (3.2)
i=1
(iii) Bartlett-Nanda-Pillai’s trace criterion:
PP
Tpnp =tr(WT ' I+ WT 1)) = : 3.3
Bnp = tr( I+ )7) ;1+v¢ (3.3)

where v; > vg > ... > v,_,, denote the ordered eigenvalues of the matrix WT 1. A statistic very

similar to (3.3) was proposed by Jiang and Yang (2013), who used

p—p1
—1/N —1y-1 Vi
tr(WT 1 (EI+ WT =
( (72 ™) ; Lt

instead of tr(WT1(I+ WT~1)71). It is remarkable that all proposed test statistics are functions of

the eigenvalues of WT~'and can be presented as linear spectral statistics' calculated for the random

!The formal definition of the linear spectral statistic is given in Appendix by A.1.



matrix WT ™! which is the so-called Fisher matrix under the null hypothesis Hy (see Zheng (2012)).
This representation is used intensively in proof of our first main result, which provides the asymptotic
distribution of Ty, Trg, and Tryp under the null hypothesis in (2.8). The details of the proof are
deferred to the Appendix in Section 5.

Theorem 1. Under the assumptions stated in Section 2 we have

Ta_(p_pl)sa_,uagj\/(o 3
O'a b )

where the index a € {W, LH, BN P} represents the statistic under consideration defined in (3.1), (3.2)

and (3.3), respectively. The asymptotic means and variances are given by

(wy — dp)hi,

2
w
w = 1/2lo o2, =2lo [n}’
[ /2log (Wb — Yoy )? W ol b
prg = —2n o2, = 2y
(1 =92,n)%" (1 =y )t
(1 — 72 n)zw%(d% — 72 n) 2 d2(1 — Y2 n)4 9, 9 3. 9
- - ’ ’ =2 : dy) + d3(w? — 1
HoNe WI-BY OBVP = Ea s — gyt (Unlen F )+ dnlun 1)),

where wy, > d, > 0 satisfy w% + d,% =(1- 72,,1)2 + 1+ h%, Wpdy, = hy, and the quantities i, Y2.n
and hy,, are defined by (2.3), (2.4) and (2.5), respectively. The centering parameters are given by

1 — 2, 1,0 172,
Sw = - log ((1 - 72,71)2) - # log(wn) + % 10g(wn - ngZ,n/hn>
2,n 1,n12n
St log(wy — dphn), Y10 € (0,1)
- 07 Yin = 1 y
_% lOg(’LUn - dn/hn)7 fyl,n > 1
1
S = —,
LH 1_ Yo
_ 1- V2,n
NS g,
n ,

Theorem 1 provides a simple asymptotic level « test by rejecting the null hypothesis Hy if

T, — (p _pl)sa — Ha
Oq

> Ul—q (3.4)

We illustrate the quality of the approximation in Theorem 1 by means of a small simulation study. For
the sake of comparison with the likelihood ratio test, we use the same scenario as in Section 2, that
is n = 100, p = 60 and different values for p;. In Figure 2 - 4 we display the rejection probabilities
of the test (3.4) under the null hypothesis in the case of the Wilk test, the Lawley-Hotelling’s, and
the Bartlett-Nanda-Pillai’s trace criterion. From the results depicted in Figure 2 we observe that the
statistic Ty exhibits similar problems as the statistic of the likelihood ratio test. If the dimension pq
is too small the approximation provided by Theorem 1 is not reliable. This fact seems to be related to
the use of the log determinant criterion. On the other hand, the Lawley-Hotelling’s and the Bartlett-
Nanda-Pillai’s trace criterion yield test statistics which do not possess these drawbacks. The results

in Figure 3 and 4 show a reasonable approximation of the nominal level in all considered scenarios.
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Figure 2: Simulated distribution of the statistic (Tyww — (p — p1)sw — pw)/ow und the null hypothesis
for sample size n = 100, dimension p = 60 and various values of p1 = 50,30,10. The solid curve

shows the standard normal distribution.

LH, p=60, n =100, p_1 =50 LH, p=60, n =100, p_1 =30 LH, p=60,n =100, p_1=10

Figure 3: Simulated distribution of the statistic (Trg— (p—p1)Sra —brm)/orn und the null hypothesis
for sample size n = 100, dimension p = 60 and various values of p1 = 50,30,10. The solid curve

shows the standard normal distribution.

Trace, p =60, n =100, p_1 =50 Trace, p =60, n =100, p_1 =30 Trace, p =60, n =100, p_1=10

Figure 4: Simulated distribution of the statistic (Tenp — (p — p1)sBNP — uBNP)/oBNP und the null
hypothesis for sample size n = 100, dimension p = 60 and various values of p1 = 50,30,10. The solid

curve shows the standard normal distribution.

4 Distributional properties under alternative hypothesis

In this section we derive the distribution of the considered linear spectral statistics under the alterna-

tive hypothesis. The main difficulty consists in the fact that under the alternative the random matrix



WT~! has a (conditionally) non-central Fisher distribution in this case. The following two results,
which are proved in the Appendix and of independent interest, specify the asymptotic distribution of

the empirical spectral distribution of the matrix WT~! under H;. Throughout the paper

+o0o
mg(z)—/dG(t)

t— =z
—00

denotes the Stieltjes transform of a distribution function G.

Theorem 2. Consider the alternative hypothesis Hy in (2.2) and assume that the assumptions of
Section 2 are satisfied. If the the matriz R = 22_21‘{222121_1121222_21,{2 is bounded in spectral norm
and its spectral distribution converges weakly to some function G, then for any z € C\ R the Stieltjes
transform of the empirical spectral distribution of the matric WT ™! converges almost surely to some
deterministic function s, which is the unique solution of the following system of equations

sz)
T as() — mp (2(1+ 7225(2)))
m(z)

TEymn(z) mg((1+yimpu(2)[(1+vmu(2)z — (1= 7)), (4.1)

C1z

_(c—cl)zmg(z)> » (42)

mg(2)(1—(c—c1) = (c— cl)zmﬁ(z))cfl =mg <1 e
subject to the condition that I{s(z)} is of the same sign as I{z}.
We will use this result to derive a CLT for the linear spectral statistics of the matrix WT !, which

can be used for the analysis of the test proposed in Section 3 under the alternative hypothesis. For

this purpose we introduce some useful notations as follows

6(z) = mmu(z) (4.3)
5z2) = 5(2)—1;71

n(z) = (1+6(2))(1+0(2)) (4.4)
€e) = ” (4.5)

1+6(z
+\ﬁ) +>‘ma:r( )(1_\/5)2
e o

G
W) = ( <>z+1‘”)5<z>)_ , (4.6)
2

Theorem 3. If the assumptions of Theorem 2 are satisfied, then for any pair f,g of analytic functions

in an open region of the complexr plane containing the interval [0,7] the random vector

r * r * T
pplo/f — ,pplo/g F()))



converges weakly to a Gaussian vector (Xf,Xg)T with mean and covariances given by

BYS) = o § A dlogla(a) + o f F)BEbE)A(0(:)
b o f 7Ea () (eg,g(zb(z)) et ﬂ;’ifi%ff anji(b(M”))))djggt))> T
ColXr, X)) = ~55 4 F()a(z) L e
S LA LLCHL CUCY EELCCLC P
- g f 00t les,g<zlb<zl>>aa,g<zzb<zm (82 log [mg%?aiZf(zlﬁm)] )] de1dz:
(4.9)
respectively, where
b(z) = 1+p2s(2)
b(z) = 14+mmu(z) (4.10)
o -
O i(2) = —— . e) . -
| 1= amg (M) = (1= 90)) =B (2:06) — (1 1) | —pre T
mp(s) =~ ey (2)
BR) = W) [-GANG -5 + [ NE) + U 4 €)
+25(2) <§2(z) _ §(x)N(2) <z - 11;5?;) + 1))} (4.11)
with
N(z) = 75“)‘1;71(2) —2(z) and @(z) = 22€(2) + 11+_5E)‘I’71(Z)'

Here the integrals are taken over an arbitrary positively oriented contour which contains the interval

[0, 7], moreover the contours in (4.9) are non-overlapping.
It follows from the proof of Theorem 2 that

w < Q(iXXT +MMT),
b1
where nMM " ~ W,_,, (n,R) and all entries of X are independent and standard normally dis-
tributed. Consequently the largest eigenvalue of the matrix W will asymptotically be smaller than
2((1+ y71)? + Amaz(R)(1 = y/c1)?) and the quantity r defined in (4.7) is an upper bound for the
limiting spectrum of the matrix WT 1.
Although, the limiting mean and variance presented in Theorem 3 are very difficult to calculate in

a closed form even for simple cases, there are several important implications of Theorem 3.

Remark 1 (Eigenvectors). Going through the proof of Theorem 3 one can see that Lemma 1 in
Section 5 reveals a very interesting fact that the resulting asymptotic distributions depend nei-

ther on the eigenvectors of the non-centrality matrix €27 nor on the eigenvectors of the matrix

10



R = 222{ 301307 212222{ for the normally distributed data. Loosely speaking, without loss of
generality (w.l.g.), we can restrict ourselves to the case when €7 and R are diagonal matrices, which
simplifies the simulations in a remarkable way. This result can not be deduced from previous literature
(see, e.g., Yao (2013)).

Remark 2 (Generalizations and simplifications). The non-central Fisher matrix in our case arises
only conditionally on Si; where the non-centrality matrix €2 is random in our framework. As a
consequence Theorem 3 generalizes the result of Yao (2013), where a deterministic non-centrality
matrix was considered. Moreover, all the asymptotic quantities including d(z) are expressed in a more
convenient form, like, 6(z) = yympy(z). Finally, the expression of the bias term B(z) is significantly
simplified which makes it possible to do numerical computations more efficiently and to investigate

the results of Theorem 3 deeper in the future.

Remark 3 (Finite rank alternatives). Combining Theorem 2 and Theorem 3 one observes that finite
rank alternatives with a bounded spectrum have no influence on the asymptotic power of the tests,
because the asymptotic means and variances under the null hypothesis and alternative hypothesis

coincide. Indeed, assuming that the matrix R has a finite rank, say k, and a bounded spectrum we

get
dFR(t) X p—p1— k1 1
= — - — —=.
mpe(2) / t—=z Z)\ —z p plz)\ —z p—p1 Z z
Thus, it follows that mag(z) = _E’ and therefore G is the distribution function of the Dirac measure
concentrated at the point 0. Consequently we obtain my(z) = —1/z and the third summands in (4.8)

and in (4.9) vanish, that is

2 2
/(cl+t7tng( ))SdG(t) —/(clﬂfng(z))g%(t)d(t) =0,

32log [mH(ZZ ZH(Zl):| m/ﬁ(zl)m/[:l(ZQ) 1 .
021022  (mp(z1) — mp(22))? C(z— )2

for any z, 21, 22 € C*. The other summands in (4.8) and in (4.9) do not depend on the eigenvalues of
matrix R, which reflects the alternative hypothesis Hy via 39, thus, they are expected to be equal
to the corresponding quantities under the null hypothesis Hy given in Theorem 1. Consequently, all
tests based on a linear spectral statistic cannot detect the alternative hypothesis H; if the matrix R
has no large eigenvalues.

On the other hand, if \,,4,(R) is an increasing function of the dimension p — p; the spectrum of
Amaz(R) is not bounded and Theorem 3 is not applicable. Although we have no theoretical result
in this case we expect that the power of the tests will be an increasing function of A4 (R). These

properties have been verified numerically by means of a simulation study.

Remark 4 (Full rank alternatives). As we have already mentioned, the formulas in Theorem 2 and
Theorem 3 are very complex, which makes it difficult to calculate the power functions of the considered
tests in an analytic form. For instance, we need to solve the system of three equations in Theorem 2
which leads to the cubic equation already for my(z) even in the simple case R = p?I. On the other
hand, the whole system in Theorem 2 simplifies to a quadratic equation under the null hypothesis Hy.
Nevertheless, we believe that these results may be useful for future investigations of the power of the
considered tests on the block diagonality of the covariance matrix. For example, one may consider the

numerical approximations discussed in Zheng et al. (2017).
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Figure 5: Empirical power of different tests for block diagonality for sample size n = 100, dimension
p = 60 and various values of p1 = 50,30,10 as a function of the correlation coefficient p = %12 in
[0,0.0325].

To illustrate these remarks and comments, we present a comparison of the power of the different
tests under consideration by means of a small simulation study. In order to demonstrate the results
in a clear way we assume for simplicity that 311, = 399 = oI which yields

1 1 _ 1 _
R = ;(O‘I — 5221212) 1/2221212(0‘1 — ;221212) 1/2.

Note that the spectrum of matrix R is the same as that of the matrix o1 X19(0?I — 91 X12) 7!, First,
we take X9 as a rank 1 matrix with all components equal to 012 € [0,1.3] (equicorrelation) and in
order to assure positive definiteness of ¥ in that range we choose o = 40. Note that if 015 varies in the
interval [0, 1.3] the correlation coefficient p = 012/0 will change in the interval [0, 0.0325]. Further, we
increase the rank of X5 by setting some of its elements to zero (sparsifying). The empirical rejection
probailities of the proposed tests in the case of rank 1 alternatives are given in Figure 5. Here, we
also included the trace criterion recently proposed by Jiang and Yang (2013) and the test proposed by
Yamada et al. (2017), which is based on an empirical distance between the full and a block diagonal
covariance matrix. Figure 5 justifies our theoretical findings, i.e., none of the tests can detect the
alternatives for p € [0,0.01] (the power function in this region is basically flat and close to the nominal
level 0.05). On the other hand, if the correlation is greater than 0.01 in absolute value, then all of
the tests gain power. For p; = 30 (case of equal blocks) all test are powerful enough to reject Hp if
the correlation is greater than 0.03. These results are in accordance with the discussion in Remark 3,

because in the considered scenario the largest eigenvalue of the matrix R is given by

Pl(p —p1)/)2
1—pi(p—p1)p?

Thus, if the correlation coefficient p is close to 1/1/p1(p — p1) we will get a spike (note that 1/4/p1(p — p1) =~
0.0333 if p; = 30, p = 60). Moreover, here we have a clear winner - the Lawley-Hotelling’s (LH) trace

criterion. The test of Yamada et al. (2017), and Wilk’s test with the corrected likelihood ratio (LR)
criterion are ranked on the second and third, respectively, while the Bartlett-Nanda-Pillai’s (BNP)

trace criterion is on the fourth position and the trace criterion of Jiang and Yang (2013) shows the
worst performance. The same ranking was observed for p; = 50 with the only difference of a decreasing
power of all tests. Note that Wilk’s test and the LR test have the same power for p; = 50. In light
of the previous findings obtained under the null hypothesis Hy, the case p; = 10 is most interesting

one. Indeed, here we observe that the Wilk’s and the LR tests are not reliable anymore, while other
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tests show a similar behaviour as in the case p; = 50. As before, the LH test is the most powerful in

all three situations.

Empirical Powers, p = 60, n = 100, p_1 = 50 Empirical Powers, p = 60, n = 100, p_1 = 30 Empirical Powers, p = 60, n = 100, p_1 = 10

34 Wilks
— Lawley-Hotelling
P

S Wilks S
— Lawley-Hotelling — Lawley-Hotelling
-- BNP -- BNP
Likelihood Ratio Likelihood Ratio
Jiang-Bai-Zheng (2013) Jiang-Bai-Zheng (2013)
‘Yamada-Hyodo-Nishiyama (2017) ‘Yamada-Hyodo-Nishiyama (2017)
—— Confidence level alpha=0.05 —— Confidence level alpha=0.05

Likelihood Ratio

Jiang-Bai-Zheng (2013)

‘Yamada-Hyodo-Nishiyama (2017)
—— Confidence level alpha=0.05

Figure 6: Empirical power of different tests for block diagonality for sample size n = 100, dimension

p = 60 and various values of p1 = 50,30,10 as a function of the correlation coefficient p = 22 in

2
[0,0.04] and sparsity level of 20%.

Empirical Powers, p = 60, n =100, p_1 = 50 Empirical Powers, p = 60, n =100, p_1 = 30 Empirical Powers, p = 60, n =100, p_1 = 10

o o o
=7 ks =7 =7
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. Jiang-Bai-Zheng (2013) . Jiang-Bai-Zheng (2013) B - Jiang-Bai-Zheng (2013)
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Figure 7: Empirical power of different tests for block diagonality for sample size n = 100, dimension
p = 60 and various values of p1 = 50,30,10 as a function of the correlation coefficient p = 712 in
[0,0.06] and sparsity level of 50%.

In order to investigate the robustness of the tests we increase the sparsity of the matrix 319, where
20% and 50% of the elements are set randomly to zero, while all other elements are still equal to o1s.
By this procedure we increase the probability that 315 has full rank. The results are summarized in
Figures 6 and 7.

We observe a similar behaviour as in the non-sparse case (see Figure 5). The LH test and the test
proposed in Yamada et al. (2017) show the best performance. The latter is slightly better than the
LH test for the sparsity level 50%, while a superiority of the LH test could be observed for a sparsity
level of 20% . Of course, by increasing the sparsity level we make the alternative hypothesis harder to
detect. For this reason the non-sensitivity interval [0,0.01] (the interval where the test is not sensitive
to the alternative Hj) is increased to [0,0.02] and [0,0.03] in case of 20% and 50% sparsity levels,
respectively. As a conclusion, although the LH trace criterion is the most simple one among the linear
spectral statistics of the matrix WT~! (f = id), it seems to be the most robust and powerful test
on the block diagonality of the large-dimensional covariance matrix. On the other hand the corrected
LR and Wilk’s criteria can not be recommended, if the size of the first block is much smaller than the

size of the second one.
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5 Appendix

Proof of Theorem 1. A linear spectral statistics for the matrix WT ™! is generally defined by

o0 p—p1
LSS, = (p—p1) [ S@)dFala) = 3 f0), (A1)
0 i=1
where v1 > vy > ... > v,_p, are the ordered eigenvalues of the matrix WT- 1,
- 1 Pm
n(x) = »—p1 ; ]l(foo,vi](x)

denotes the corresponding empirical spectral distribution and the symbol 1 4 is the indicator function
of the set A. Define

Faoldr) = qu(@)lja, p,) ()de + (1 = 1/71,0) 1y ,>100(dz) with

1_')’2n (1 _hn)2 (1+hn>2
n(x) = : bp —2)(z—ayn), ap=-——"5, b=——"35,
() 2wz (Vin + Y2,n7) v s : (1= y2,n)? (1= 2n)°
where 1., ¥2.» and h, are defined by (2.3), (2.4) and (2.5), respectively. Note that F is a finite

sample proxy of limiting spectral distribution F' of F;,, which is obtained by replacing 71, and vz,

by their corresponding limits (see Bai and Silverstein (2010)), that is

F(dz) = q(z)ljgp(z)dz + (1 —1/71)1y5160(dx) with (A.2)
Ww) = — =2 G aE—a, o= LR, AR (A.3)
2z (1 + 727) 7 (1—72)? (1 —72)?
where
v1 = lim vy, = lim p—h , 2= lim v, = lim pP—p

h = lim h, =y +7—77%.
n—oo
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The asymptotic properties of a centred version of (A.2) have been determined by Zheng (2012), who
showed that for any functions f, g, which are analytic in an open region of the complex plane containing

the interval [a, b], the random vector

oo [e.9] T
p pl/f — Fy(2)), (p— p1/g F*())>
0 0
converges weakly to a Gaussian vector (Xy, X )—r with means and covariances given by

E[Xy] = ?{f < il §( z) +2mo(z )+2—c/cl>

T 2(2) +2mo(2) + 1
— sami(e)
* 7{f dlog( e )
Cov[Xs, X, = 74% (ol lel 7:02()22))2 dmo(z1) dmo(22)
respectively. Here mo(z) = m.,(—m(z)) with m.,(z) = —1_% + 72my,(2) and m(z) = _1_% +

y1m(z), where m(z) denotes the Stieltjes transform of the function (A.2) and m.,(2) is the Stieltjes
transformation of the matrix W under Hy. The integrals are taken over arbitrary positively oriented
countur which contains the interval [a,b]. Note that this result is only applicable under the null
hypothesis Hg, because under H; the unconditional distribution of the random matrix W is no longer
a central Wishart distribution. Therefore further investigation are needed in this situation (see the
proof of Theorem 2)

The distributions of the test statistics Ty, Trg, and Tpyp are obtained as special cases using
the functions fw(z) = log(1 + z), fru(x) = x and fpnp(z) = {5, respectively. Thus, we need to
calculate the asymptotic means, variances and the terms [ f(z)dF(z) in these cases. The asymptotic
means and variances for fyr and frg can be deduced from Examples 4.1 and 4.2 in Zheng (2012) and
we only need to find the corresponding quantities for fpyp.

Let w and d be the positive solutions of the equation
11+ hz]? + (1 —79)% = |w + dz)? (A.4)
for any z € C with |z| = 1 which also satisfy
w? +d*> =h*+1+ (1 —7)% and wd=h
and, consequently, it holds that

1-m)?=01-d)w’~1), (1+h)?=(w+d)?’~(1-7), 1-h)?=@w-d?>— (1)

Further, without loss of generality? we assume that w > d.
In using that |1+ hz|> = (1 + h2)(h+2)/2, |lw+dz|* = (w + dz)(d + wz) and due to Corollary 3.2

2Tt holds that |w 4 dz|*> = |d 4 wz|? for |z| = 1.
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of Zheng (2012), we get

B 11+ hz2/(1 — 72)? 1 12
EXfonr] = ru 4mi 14+ hz2/(1—72)2+1 z—r*1+z+r*1 z+y2/h dz
|z=1
o1 |1+ hz|? 1 1 2
N 1){?472 |w + dz|? [z—r—1+z+r—1 z—&—’yg/h}d
|z]=1
R (I+hz)(h+2) 1 I 2
B lrlfllzlm‘ (w+ dz)(d+ wz) z—r*1+z+r*1 z+v2/h d
|z|=1
B iml (I1+hz)(h+2) (14+hz)(h+2) 5, (I+hz)(h+2)
o2 | (wHd)(dHwz2)|,_,n (wtdz)(d+wz)|,_ (w+ dz)(d + wz) PR
n 1 (1+hz)(h+2) 1 n I 2
2w (w+ dz) z—r=t ztrTt ozt /bl g,
B 1[ (L+hHh+r) (1—hr=t)(h—r71)
B rlfrllQ (w4dr—1)(d+wr=t)  (w—dr—1t)(d —wr—1)
_ g (=m)h=y/h) (A = dh/w)(h —d/w) (_ djw 1 )}
(w —y2d/h)(d = y2w/h) (w? —d?) (d/w)*=r=2  y/h—d/w
Taking now the limit | 1 in (A.5) we obtain the following result for the mean
ST [LE0N LA ML ECH U N EY USRS
soxed = 5w T w P T )@ ) T (- ERE )

_ (=) (w?+d?)\ (1 —72)% (1 —72)?d*(w? — )

- () (e e e

=P’ +d) (1) <(1—72) (w? —72) n (1 —2)*(w? —72)>
(w? — d?)? (w? — 72)(612 = 72) (w?

Y2

d?)2(d? — 72) (w? — d?)?
A=) s o [(w?
B (wz—d2)2< (@ +12) 72[ (w2—72 dz—% D

(1= 72)*w?(d® — )
(w? — d2)2 :

Similarly, we have for the variance

Var[XfBNP] = 1 }{ (w—‘rdZQ)(d—l—ng) ( f (w+d21)(d+w21)<221 —’I“Zz)Qd 1) dzo

|z2|=1 z1]=1
dZQ
2
21——d>
|z2|=1 v

_ i ]{ (1+ hza)(h + 22) (_ dw(l — d?)(w? — 1) ) do
B (w—+dz)(d+wz) \ (02—d)(d+wn)?)

= *limi % (1+ hzo)(h + 2o) (14 hz1)(h + 21)
= (w+ dzo)(d + wzz) \ w(w +dz1)(z1 — r22)

[22|=1

__ hl =) [02 (1+ hzo)(h + 2)
)

023 (w+dz)
hd(w? — 1)(1 — 9)? B (w? —1)d  d*w?(1 - d?)
wd(w? — d2)2 {1 2 (w2 — d2)2 ]

2(1 — 4
w2(1d+(cli)(wA/22)_ d2) (w2(w2 +d)+ d?’(w2 -1)).

3 (2 — 2
w3(w? —d o dfw

= -2
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Due to Theorem 2.23 in Yao et al. (2015), the terms fbb f(z)dF(x) can be calculated in the following

way

dz, (A.5)

b
(1 =) 114 hz|? (1—2%)?
b/f(w)dF(f) I — % / ((1_72)2> 2(L+h2)(z + h)(r2z + h)(y2 + h2)

=1

where the interval [a, b] is the support of limiting spectral distribution F' of the Fisher matrix WT !

defined in (A.3). The function frpy has already been considered in Yao et al. (2015), Example 2.25,

that is sy g = fbb xdF(x) = ﬁ Next we determine he corresponding terms for fy and fpyp noting
that

o M) / log (1 — 72) 2w + daf?) (1 — 22)?

47 2(1+ hz)(z+ h)(y2z + h)(y2 + hz)

j2i=1

dz = —log ((1 —72)2) + I+ 1,

where we used again (A.4) and the terms I; and I are defined by

I (1 =) % log(w + dz)(1 — 22)?
! 471 o 2(14+ hz)(z+ h)(v22 + h)(7y2 + hz)
B h2(1 — 72) log(w + dz)(1 — 22)?
L= = | If_{l ST h2) (2 - ) (a2 £ ) (e + 2) 07

A change of variables yields I; = I and we obtain (see Yao et al. (2015) for detailed calculation)

=2 log(w — dh), € (0,1
of W21 = 72) 7{ log(w + dz)(1 — 22)? N og(w—dh), M €(0,1)
S

= B z 07 Al =1
271 z2(14+ hz)(z+ h)(v2z + h)(v2 + hz -~
|Z‘:]_ ( )( )( 2 )( 2 ) _1,‘/71 log(w _d/h), " > 17

which yields the desired representation of s,,. Similarly, we obtain

. B 7h2(17’yz) % (1+hz)(h+2) (1 — 2%)2 ds
NP 4ri (w+dz)(d+wz) 2(1 4+ hz)(z + h)(y2z + h) (12 + hz)
|z]=1
LB (122 N,
B 4mi z(w + dz)(d + wz)(y2z + h) (72 + h2)
|z]=1
C R(-m) (1- 222 N (1- 222
= 2 hz(w + dz)(d + wz)(y22 + h) a2 zw(w + dz)(y2z + h)(v2 + hz) et
N (1 —2%)2 )
(w+dz)(d 4+ wz)(v22 + h)(v2 + hz) |,
I el
w2 — 7y’
which completes the proof of Theorem 1. O

Proof of Theorem 2: Since (n —pl)T ~ Wp,pl(n —pl,zgg.l), p1W|SH ~ Wp,pl (p1,222.1,91)
with @1 = Q1(S11) = 50, 2021 S1E ! T2 = Tpy MM, Si1 ~ Wy_p, (1, 2221), and T is

independent of W and S1; we get the following stochastic representations for T and W expressed as

a 1 _1/2 ~1/2 ~1/2 1/2
w 2 EEQQ,l(X + 350" M)(X + S0y ’M) T2
d 1 1/2 Ts1/2
T = Yoo YY 3557,
n—p1 29.1 22-1
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where X ~ Np_p, 5 (O, IRI), Y ~ Np_p n—p, (0, I®1), and X, Y, S;; are mutually independent.
Then, the stochastic representation of WT ™! is given by

1d 1 412 —1/2 —1/2 1/2 1 1/2 12\
wWT ! = " 24-1(X + 222.{ M) (X + 222-{ M)Tzzé-l (n - EzéJYYTzzé-l)

The last equality in distribution implies that the spectral distribution of WT ™! is the same as the
spectral distribution of WT-! with

< 1

W= — (X + 3, °M)(X + 8, /°M)"T and T = YY'.

p1 n—pi

From Theorem 2.1 of Zheng et al. (2015) it holds that the Stieltjes transform of WT! given N4

m wa_l‘{,vv(z) converges to sg7(2) which satisfies the following equation

o tdH (t)
zsg(2) = =1+ / P a— Y (A.6)

where H(t) = Hg;(t) is the limiting spectral distribution of the matrix W, which is a deterministic
function following Theorem 1.1 of Dozier and Silverstein (2007). Noting that the right hand-side of
(A.6) does not depend on the condition W and rewriting (A.6), we get the limiting spectral distribution

of WT ™!, which is equal to W’i‘_l, is given by s(2) = s (2) expressed as
B zv2(2zs(2) + 1)dH (t)
wele) = / t—2(1+7225(2))
where (see Theorem 1.1 of Dozier and Silverstein (2007))
ma(z) = / (1 +y1m(2))dH (1)
t = (1 +ymu(2)[(1+vrmu(2)z — (1 — 7))
= (L+ymu(2))mg((1+ymu(2)[(1+ymu(2)z — (1 —m)])

= 2(y225(2) + 1)mp(2(y22s(2) + 1)),

with H the limiting spectral distribution of
= —-1/2 - - —-1/2 - —-1/2 - - —-1/2
R = 1/191222-{ 22121115112111212222~{ = C1,}Ll/”22z-{ Z32121118112111212222-{ :
satisfying the following equation

ma(z) = / (1-(c—c1)=(c— Cl)ZijI(Z))_ldG(t)

-1

—(c—c1)— (cz—cl )zm 7 (2)

= ¢ '(1-(c—a1) = (c—e)zmp(2) 'mg <1 —(c—a) T )

—(c—c1)zmp(2)

where G(t) is the limiting spectral distribution of the matrix R = X;/>5, 31, 51,35,4% which is

deterministic as well. O

In the proof of Theorem 3 we make use of the following lemma which simplifies the conditions used
in Theorem 2.2 of Zheng et al. (2015).

Lemma 1. Conditionally on S11 the distribution of the matriz wWT-! solely depends on the eigen-
values of the non-centrality matriz Q1(S11) and does not depend on the _corresponding eigenvectors.
Moreover, the unconditional distribution of the eigenvalues of matriz WT ™1 depends only on the

eigenvalues of the matriz R = 21_11/221222_21,122121_11/2. Precisely, it holds for p1 > p—p1

2 —
rP—p1) /2[‘107101 (2) /2 ‘L|m—(p+1)/2 p—D1

Juq,vo,...,0,_ (l1>l27'“al - ) — 2 — ‘I +ﬁ|7 1. 1 Lln/2 (lz_l)
Pt . Ppopy () Tpopr (%52) Doy (2522) [Ty + L[/ g '
aFE (B P, R TR, 1))
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whereas for p1 < p — p1 we have

Fp (2) aPi/2 B /2|L‘(p—1)/2—p1 PL
Gorwzevppy (5125 s lppy) = = T, + R [T - 1)
1,02 P—P1 P—P1 ( )F ( p+p1) Fpl( ) P1 ‘Ip1+L‘ /2 E J
nnp-—p
x 2F5“>(§ PPy + )T RL(,, + L))

with L = diag(l1, ..., l—p,)-

Proof. First, we note that this distribution is independent of 3951 since the eigenvalues of WT!

coincide with the eigenvalues of WT! with
o —1/2+xi 7 —1/2 ~ —1/2rs—1/2
W= 222-{ WEQZ{ and T = 222-{ T222_{ ,

where 22é 1 denotes the symmetric square root of ¥gg.1; T ~ ~ Wp_p, (n—p1,1); VV|SH ~ Wp_p, (p1, L, Q1(S11));
T and (W S11) are independent.
We distinguish between the following two cases: (a) p;1 > p —p; and (b) p1 < p — p1.
Case (a): p1 >p—p
Here, we first note, that the eigenvalues of wl2T-1wl/ 2. where W1/2 is the symmetric square
root of W, coincides with WT 1 and, consequently, with WT-L. Furthermore, the application
of (Muirhead, 1982, Theorem 10.4.1) leads to the conditional density of Wl/2T-1Ww1/2 given Si1,

expressed as

1 n _
Iw2g-rwiss,, (FIS11) = etr <—291(S11)> 1F1 <2 ]921 291(511) (Ip—p, + F) 1)
... (n p1—(p+1)/2
x v (3) ¥ for F > O,

T (%) Topr ("F2) p—p, + F["/2
where etr(A) = exp(tr(A)) for a symmetric matrix A, I'y(q) = 7™ VAT T (¢ — (i — 1)),

g > (m —1)/2 is the multivariate m-dimensional gamma function, the statement F > O means that

n,pr.1
27 272

argument defined by (see, e.g., (Gupta and Nagar, 2000, Section 1.6))

)k Cr(A
F(@1, g brs o b A ZZ A) (A7)

7!
=0 kK

F is positive definite, and 1 F} ( 5821 (S11)F(1 + F)_l) is the hypergeometric function of matrix

where A : mXxm is a symmetric matrix, ) |, denotes the summation over all partitions &, (c), = %ﬁg)

with T, (¢, k) = am(m=1)/4 [[L, T (c+ij— (i —1)), c> (m—1)/2 —ip, for K = (i1, ..., im) With
i1 > ..dm > 0 and Z;n:l i; =1, C(A) stands for the zonal polynomial (c.f., (Gupta and Nagar, 2000,
Section 1.5)).

Let O(p — p1) denote the space of (p — p1) X (p — p1) orthogonal matrices. Then, the density of
the eigenvalues of WI/QT_IWI/Q, vl > vy > ... > vp_p, > 0, given Syp is expressed as (see, e.g.,
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(Muirhead, 1982, Theorem 3.2.17))

Tppr (2) wlo—p)?/2 Pom

: IT@—-1)

Lppi (%) Tppy ("F%) Do (B57) i<j

1 IHLH' [P~ (P+1)/2 n p 1 Lexs
tr | —=Q1(S 1F1 =Q1(S11)HL(I L)""H )dH
% ”( o fhl 11)) / IL,_,, + HLE/["2 '\ 27272 1(S1)HL(Ly—p, +L)7

g’U1,’U2,...,1)p_p1 |Sll (llv l27 bS] lp—p1 ’SII) =

HeO(p—p1)

Fp’pl (ﬁ) W(p—p1)2/2 |L|p1—(p+1)/2 P—p1

: IT@-1)

prpl (%) Fp*m (%) Fp*pl (m) |IP—P1 + L’n/Q 1<j

1 _ n 1
X etr (—291(811)> 1F1(p p1) (2 ]721 291(811) L(Ip_p1 +L)1>

where the last equality follows from (Gupta and Nagar, 2000, Theorem 1.6.1) and ,F) ,gm) denotes the

hypergeometric function of two matrices defined by

m ) C(A)Cx(B
" (ar, o ag; b, .., b A, B) ZZ bk k(!C)(I () ), (A.8)

=0 K
Using (A.8), integrating over Sy1, applying (Gupta and Nagar, 2000, Lemma 1.5.2) and (A.7), we
get the unconditional distribution of v1 > v9 > ... > v,_,, > 0 given by

Guq V250, Up—py (lb l27 ) lpfpl) = gvl,vg,...,vpfpl [S11 (llv l27 ) lp*pl |Sll>g(sll)dsll
S11>0
Tpp (2) rP=p0)?/2 L |pi—(p+1)/2 PR 1

_ 2 R
- e 05t

Fp*pl (%) FP*lﬂl (T) FP*Pl (%) ‘IP—Pl + L|n/2 1<J

o — 1 _ 1 _ _ _
/ ‘Sll‘(n n 1)/2€t7“ (—28112111> etr <—281121112122221.12212111>
S11>0

‘211|—n/2

X

X

_ n 1
1F1(p 8 (2 p21 281121112122221221211 s L(Ip—p, +L)1) dSy1y

ap—p1)?/2p ( )
- b1 n pplpl 2 |Ip1 + 2
Lpps (7) Lpp (T) Lpp ( 2 )
. nn _ - _ - _
X 2F1(p = (57 53%3 (Ip, +211/ Z31222212212 1/2) 12111/2212222112212111/27L(Ip—zm +L) 1) :
Now the statement of the lemma follows from the definition of the hypergeometric function.

p1=(+1)/2 P
ITw—1)
i<j

1/2

—1/2 —n/2 ‘L
PP D D IR —_—
S A A

Case (b): p1 <p—m

In this case the matrix WT ™1 is not longer a positive definite matrix. In order to derive the joint
distribution of the non-zero eigenvalues of VAV’i‘*1 we use that W = So1 81_11812 and T = ZZ' , Where
21872811 ~ Nyppy (221211151{ B0 @ Ipl) and Z ~ Ny_p, np, (0,599 ®I,_,,). Then the
application of (Muirhead, 1982, Theorem 10.4.4) leads to the conditional density of S;; 1/2 SioT™ 18218 1/2

given S11, which is expressed as

1~ n p-— p1 1~ _
gsl_ll/QSmT*lSzlSl_ll/Q|S11(F’SH) = etr <—291(SH)> 1F1< D Ql<811) (Pl -l-F) 1)

27 2
L3 [Re-DAn
for F > O
X Fpl (p_Qpl)Fp1 (n—z)2+p1) ’Ipl —|—F’”/2 or >0,

with ©1(S11) = S122 ' 51255 B X1 S
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The application of (Muirhead, 1982, Theorem 3.2.17) leads to the density of the eigenvalues of
Sy 1/2812T 1821811/ v > vy > ... > vp, >0, given Sy; which is expressed as

_ 15 Iy, (5) me)*/2 2 .
Gor vy |12 (1 125 s I [S11) = etr <_291(SH)) Ty, (B2) T, (n_pg—+p1) Ty, () H(ll — 1)

2 2/ i<y
|HLH’\(1’_1)/2—P1 n p— pl -
X F — Q S11)HL(I L)""H |dH
/ L, + HLH[»/2 ' \27 2 % (S1)HL(L,, +L)

HeO(p1)
B Iy (2) /2 |L|e-D/2-p P 1)
- — n— n 2 J

Dy (B57) Tpy (F54) Ty (3) Ty + L7220

<J

1 _ _ _ n 1
X etr (—251121112122221_12212111> o (2,p S 5 SU BBy B B (L, + L) )
where the last equality follows from (Gupta and Nagar, 2000, Theorem 1.6.1)
Then the unconditional density of v1 > vy > ... > vp, > 0 is obtained by using (A.8), integrating

over S, applying (Gupta and Nagar, 2000, Lemma 1.5.2) and (A.7). It leads to

gvl,vg,...,vpl (llyl%-'-ulpl) = / gvl,vg,...,vm\sll(llvl2a--wlpl‘sll)g(sll)dsll
S11>0
D) wie peves

= . lLi— 1
Fpl (’P—zpl) Fp1 (n—192+p1> Fp1 (7) ‘I + L’n/2 q( J)

1

—_— —n/2 n—p1—1)/2 1
X 2T, (2) | 211 / 111 etr < S11E; )
S11>0

n p-— p11
2" 2

1, o _ _
X etr (—2511211121222;,12212111>  FP) ( 5SS B3 S B L, + L) ) Sy

Ty (3) nbi/? —1/2 _1/2) o [L|PTD/2P
= - - I, + 21 21X B 5y, n (li = 1)
oy (P57) Tpy (") Tpy (B) [Ty + L/ g
nn — — _ - _
X 2F1(p1) <2 2 L 2p1 (Ip1+2 /212222 12212111/2) 12111/22122221-12212111/2aL(Ip—m+L) 1)

O]

The results of Lemma 1 shows that both the unconditional distribution of the eigenvalues of
WT™! and its conditional distribution given Si; depend only on the eigenvectors of ©Q1(S11) and
of R = 22721.{222121—1181121—112122;21.{2’ respectively, for any fixed dimension p and sample size n.
Consequently, without loss of generality both matrices €21(S11) and of R can be taken as diagonal.
These simplifies the validation of the conditions present in Theorem 2.2.1 and Theorem 2.2.2 of Yao
(2013).

Proof of Theorem 3: Throughout the proof of Theorem 3, we assume that the complex number z
belongs to the arbitrary positively oriented contour C, which contains the limiting support [0,5]. We

consider

(P = p1) (Mpwr-1(2) = $n(2)) = (0 = p1) (Mpwr-1(2) = s3(2)) + (p = p1) (57,(2) — su(2)) (A.9)
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where s,(z) and s} (z) are unique roots of the following equations

tdH,(t)
n = _1 A.10
25n(2) + / t—2z(1+y2n25n(2)) ( )
tdFEW ()
*(2) = —1 n Al
2st(2) = —1+ / ) (A1)
with o, = £= p L. The symbol H,, denotes the discretized limiting distribution of W with ~s replaced

n—

by 72, and ng stands for the empirical spectral distribution of W.
Following the proof of Theorem 2.2 by Zheng et al. (2015), we get that the first summand (p —
p1) (mpwr—1(2) — s5(2)) in (A.9) conditionally on the matrix W converges to a Gaussian process

M (z) with the mean function

3 z
BOKE) = Bac) [ ey = oot (A1)

and the covariance function

(210(21)) (22b(22))" _ Olog((21b(21) — 22b(22)))

COU(Ml(Zl), Ml(ZQ)) = 2(Z1b(2’1) — ZQb(ZQ))2 =2 82182’2 s (A.13>
where
b(z) = 1+ y22s(z),
(2
q(2) = 1-—m / m (A.14)

for z; and z3 from C. Since all quantities in (A.12)-(A.14) do not depend on the condition W, we get
that this is also the unconditional distribution and both summands in (A.9) are independent.
Next, we derive the asymptotic distribution of the second summand (p — p1) (s} (2) — sn(2)) in
(A.9). Let
by(2) =14+ v2nzs,(2) and bp(z) =1+ y2n2s50(2).

Then, by using the definition of the Stieltjes transform, (A.10), and (A.11) we get

(0~ p)(s3(2) — 5a(2)) = (0= p1) (B (EImagw (B3(2) — bu(2m, (a(2)) )
= (P = p1) (b (2) = bn(2))mpw (2b,,(2)) + (p = p1)bn(2) (MEw (2b;,(2)) — mpw (2bn(2)))
+ (P = p1)bn(2)(mpw (20n(2)) — ma, (2bn(2)))
= (0= p)r2nz(55(2) = sa(2)mpw (2b5(2)) + (0 = P1)bu(2)72,02% (57,(2) = 50 (2))
dFEW (t
< | i e P ) (ba(2) = s, (b))
Hence,
(p = p1)(5,(2) = sn(2)) = (p — p1)(mpw (2bn(2)) — M, (2bn(2)))
" bn(z) _ ’
1 772,nsz,¥V(Zb:{L(Z)) bn(z V2,2 f = zb*dF)‘)(t( )an(z))
where
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bn(2)
W
1- Y2,nFMEW (207 (2)) — bn(z)'VQ,nZQ f (t—zb;?gﬁ(t@zbn(z))
a.s. b Z) bQ(Z)
— ebVH(Z) = = ,
1 — yozmp(2b(2)) — b(2)7222 [ % q(2)

where the last equality follows from (A.14) and
Y22b(z)mp (2b(2)) = b(z) — 1. (A.15)
Next, we derive the asymptotic distribution of (p—p1)(mpw (2bn(2)) —mmu, (2b,(2))). It holds that

(p = p1)(mpw (2bn(2)) — ma, (20n(2))) = (p = p1)(mpw (2bn(2)) = mysi (20n(2)))  (A.16)
+ (P —p)(mysi (20n(2)) —ma, (20,(2))) (A7)

where m HS1 (z) and myy, (z) are the unique solutions of the equations

Mgz (%) dFR(1)
. - = (A.18)
(I +y1mmysi (2)) / t= (14 amysi (2)) [(1 + m s (2))2 = (1= 71,0)
mu, (2) _ dH,(t)
(1 +vi,mmu,(2)) N / t— (L +y10mm, (2)) [(1+y1omm, (2)2 — (1 —y1.0)] ) (A.19)

where R = 1/p122_21.{222121_1181121_1121222_21,{2, ﬁn(t) stands for its discretized limiting spectral
distribution, and F®(t) is the empirical spectral distribution of R.

First, we consider the second summand in (A.17). Let
by(z) =1+ MnMysu(2) and bn(2) = 1+ Y1 nm, (2) -

Similarly, using the definition of Stieltjes transform, (A.18) and (A.19) one can write

(b= p1)(mgsn (2) = i, (2))
= 0=p) (BEmps (B )2 = (1= 0)) = ba(Img, (ba(2)(Bul2)2 = (1= 710))) )
= (= P)((2) ~ ba(2)mpg (B2(2)Bi(2) = (1= 710)

(2= pba(2) [mps (Ba()Br(2)2 = (1= 710))) = mpm (Bal2)Ba(2)2 = (1 = 71.0)) )]

+ (0= p0ba(2) [mps (ba(2)Ba(2)z = (1= 51.0))) =, (Bu(2)(Ba(2)z = (1= 1.0)))]

= (=P My (2) = ma, (Dmge (Bu(2)E(2)2 = (1= 710)

(0= P27 (Mg (2) = ma, () (205 + Bn) = (1= 71.0))

dFR (1)

n
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Rearranging terms, we get
(p— pl)(m Su1 (2) —mu,(2))

= (-m) [mF}; (Bu(2)(Ba(2)2 = (L =) =mg, (Bu(2)(Bu(2)z = (1 = 110)))]

X

=
S
—~

N
~

b (1 —yam g (B2(2)F(2)2 = (1= 710))) = b1 (25, + ) = (1= 7.0)

L= qmg (B(E)B()z — (1=7)) = b (2:b(z) — (1 =) [ ot

where b(z) is given in (4.10).
The application of Lemma 1.1 in Bai and Silverstein (2004) proves that (p — p1)(m s, (20 (2)) —

mu, (2bn(2))) converges to a Gaussian process M3(z) with the mean function
ci [ m (2b(2))t*(c1 + tmp(2b(2))) 2 dG(¢)
(1= c1 [ (2b(2))t? (1 + tmp (20(2))) 2dG (1))

E(M3(2)) = 05 7(2b(2))
and the covariance function

COU(Mg(Zl), Mg(Zz)) = 20571{1(2117(21))9571{](ZQb(ZQ))

. 0 mp(nb(21) gty ma (20(22) 1
O(z1b(z1)) (mp(z1b(21)) —mp(22b(22)))*  (210(21) — 22b(22))?
where m g (z) = 1*‘31 + c1mp(z) and G(t) is the limiting spectral distribution of the matrix R =

—1/2 1/2
222{ 221211 212222{ :

In order to derive the asymptotic distribution of the first summand in (A.16), we use the results in
Yao (2013) to the conditional distribution of (p — p1)(mpw (2b,(2)) — m sy (zbn(z))) given Sqj.

From the proof of Theorem 2, we know that the empirical spectral distribution of W is the same
as of W given by

W= (X oSl X s T

with M = 22121_1181{ . Furthermore, following Lemma 1 it is enough to consider the case where
22_21{2MMT22_21,{2 is diagonal and, consequently, 22_21‘{2M is pseudo-diagonal.

Finally, in using that X consists of i.i.d. entries which are normally distributed and applying the
results of Section 2.2.2 in Yao (2013), we get that (p — p1)(mpw (20, (2)) — m sy (2bn(2))) converges
to a Gaussian process Ms(z) with the mean function E(M(z)) and Cov(Ma(z1), Ma(22)) given in the

following lemma which is proved below the proof of the theorem.
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Lemma 2. The random process (p — p1)(mpw (2bn(2)) — m s, (2bn(2))) converges to a Gaussian

process Ma(z) with the mean function E(Ms(z)) and Cov(Ma(z1), Ma(z2)) given by
E(My(2)) = B(20(2))
and the covariance function

_ 0% log(21b(21)n(210(21)) — 22b(22)n(22b(22)))
Covtifalza) Mtz =2 CETE)erEn)
which are independent of Si1. The functions B(z), §(z), ¥(z), £(z) and n(z) are given by (4.11),
(4.3), (4.6), (4.5) and (4.4), respectively.

Thus, merging the results for the independent asymptotic processes My(z) and M3(z), we get

(p — p1)(80(2) = 8n(2)) = Obm(2) (Ma(2) + M3(2)) ,

i.e., converges to a Gaussian process with mean and covariance functions given by

cf ['m% (2b(2))t?(c1 + tm(2b(2)))*dG(t)
b, 1 (2) (B(zb(z)) + 95,[{(2!’(2)) 1-c fqu(zb(z))ﬁ(q T tnig(zb(z)))_2dG(t))2> (A.20)
and
20y, 11 (21) 0,1 (22) {82 log(ZIb(zg?;j;(ljsl))g(;gzzgiji)n(z2b(Z2)))
%m 2 (Zlb(zl))%m 7 (22b(22))
+ 913,ﬁ(Z1b(21))95,ﬁ(22b(22)) (8( A (gH(Hzlb(zl)) —d(m;((zg)g(z:g)ﬁ - (z1b(z1) _122[)(22))(2‘/9%1)

respectively. Remind that H is the asymptotic spectral distribution of the matrix W (and, thus, of
W) Furthermore, it holds

9?1og(z1b(21)n(21b(21)) — 22b(22)n(22b(22)))
0(21b(21))0(22b(22))
b*(21) b*(z2)  8log(z1b(z1)n(21b(21)) — zab(22)1(22b(22)))
q(21)(21b(21))" q(22)(22b(22))’ 021022
_ Plog(z1b(z1)n(21b(21)) — 22b(22)1(22b(22)))
= 92107 , (A.22)

where the last equality in (A.22) follows from (A.15) and

() = (170 ) G = U — U+ (s

Similarly, we get

Ov, 11 (21)0, 1 (22)

0 m - (21b(21)) 52— 7 (22b(2
O, 11 (21)0p, 11 (22) (azlb(zl)H( 10(21)) gy iy (226(22)) 1 )

(m g (210(21)) — mp(22b(22)))?  (210(21) — 22b(22))?
m g (21b(21))—m  (220(22))
b2(21) ()  07log ( e ) —abes) )
q(21)(210(21))" q(22)(22b(22))’ 021029
2 m g (210(21))—m g (22b(22))
0 log( H ;1b(21'1)—221i1(z2) )

= 50ms . (A.23)

27



At last, combining the results (A.12), (A.13), (A.20), (A.21) together with (A.22) and (A.23) we get
that the process (p — p1) (mpwr-1(2) — sn(z)) is asymptotically Gaussian with mean and covariance
functions given by

5 dlog(q(2)) + 0h.a(2) <B<zb<z> + 8 (2b(2)

ci [ mi; (2b(2))? (e1 + tmp (2b(2))) G () )
(1-¢c fmi}(zb(z))ﬂ(cl +tmp(2b(2)))~2dG(t))?

and
2 m g (21b(21)) —m g (22b(22))
2 32 log(zlb(zl)n(zlb(zl)) - ZQb(ZQ)n(ZQb(ZQ))) +0; ~(Z b(Z ))0~ ”(Z b(Z )) 6%lo ( " zlb(zl)—z;lj(zQ)
821822 b HAL ! b H\*2 2 821822

Since the process of interest (p — p1) (mFWTq (z) — sn(z)) = My + My, + Ms, forms a tight
sequence (see, Bai and Silverstein (2004), Yao (2013) and Zheng et al. (2015)), the Cauchy integral

formula leads to
; fi) = (p—p1) /f(a:)Fn( 5 %f (P — p1)(Mpwr-1(2) — sn(2))dz, (A.24)

where )\; is the ith eigenvalue of the matrix WT ™! and f is an arbitrary analytic function with the
support containing the interval [0,7], which is the asymptotic support of the matrix WT~!. The
application of (A.24) to our process together with some elementary calculus lead to the result of the

theorem. O

Proof of Lemma 2

Proof. Let
-1
1) = (15 S MM R = 204 6, )
3 -1
) = (M SAM -+ h T )
where 0,,(2) and n(z) are the unique solutions of the following system of equations
1 ~ 1 -
du(z) = —tr(Tn(z)), Su(2) = —tr <Tn(z))
P p1

in the class of Stieltjes transforms of non-negative measures® with support in R*.

The functions T},(z) and T},(z) are the deterministic approximations of the resolvents
~1/2 1/2 -1
Qn(z) = <(X + o0 M) (X + 5, M) T — ZIp—m) ;

= 1/2 1/2 -1
Qn(z) = ((X + 2322{ M) (X + 222{ M) — Zlm) )
respectively, in the sense that

- tr(Qulz) ~ Ti() 5 0 and plltr(Qn( 2 = T(2)) “5 0 asn — 0o

First, we find the connection between 0, (z) and the Stieltjes transform mpg(z), where H is the

limiting spectral distribution of W. For that reason, we consider the asymptotic values of é,(z) and

3In fact, &, is the Stieltjes transform of a measure with total mass equal to % while 4, is the Stieltjes transform

of a measure with total mass equal to 1 (see, Hachem et al. (2012))
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dn(2) given by

ou(z) = 2 ;11’1 (1+8n(2)— t~r (T MM =51 — 21+ 52(2)) (1 + 5n(z))1p,pl)*1
= 8NP [ 5 (4 s (en(a)

. 1 . —_— . -1

Inlz) = (14 b)) (MTSM = 21460 (2)) (14 0n(=)Ty, )
= 8, [ ) = (14 3 mg o ()
= (5 (2 (e )

with

M (2) = (14 0a(2)) (L +0n(2)) and n(z) = (1+8(2))(L +8(2)).

Equivalently, we have

1 i(gzz) = ymp(zn(z)) and . i(gzz) =mp(2n(z)) = _27;(,3)1 +ymg (2n(2)),  (A.25)
which leads to

5) = 4 6(2). 26,
We claim that in fact we have

6(2) = mu(z) (A.27)

and, consequently, 6(z) = —2L + yymp(2). In order to prove (A.27), we plug §(2) = v1mp(2) into
(A.25) and use (A.26). It leads to

= my (2[1 +yimp(z)] [1 +mmp(z) — 1 _Z%D

mp(z)
1L +y1mp(z)

= mg([l +yma(2)][2(1 +ymu(2) — (1 - ’n)]) :

which is exactly (4.1). From the uniqueness of the solution the claim (A.27) follows. Thus, in light of

Theorem 2 we get as n — oo

on(2) — mmp(2),
bu(2) — ==+ ymu(2) = mp(2).
For all z € C*, we define

~1/2 ~1/2
p%tT[Trg(z)zzz-{ MMTZ]%{ ]

2 -
An(2) = (1* (1 + 6n(2))2 ) — F ()6 ()
ot (T2() S MM 25,1 ) |
Uaz) = (1-26a() - (1+ 6a(2))? )
1 p1

wp(z) = pljlz%?j

B 1 pP—p1p—p1 mT Nm 9
Glz) = o> > (m{Tu(z)my)
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2

with fjj being the diagonal elements of the matrix 7,, and my, - the kth column of matrix 22_21‘{ M,
while
1 ~ 1 - -
nlz1,22) = Zjltr(Tn(Zl)Tn(Zz)% En(21,22) = Ijltr(Tn(Zl)Tn(Zz)) (A.28)

and, obviously, &,(2) = &n(z, 2) and &,(2) = &u(z, 2).

Next, we simplify the above expressions. In using (A.25), we get

p—p1 (14 0n(21))(1 + 0n(22))
P P—nNn

~1/2 ~1/2 “lra-1/2 ~1/2 -1
X tr ([222-{ MMT222.{ _Zlnn(zl)lp_pl} [222.{ MMTEzz{ —2’2?7n(22)1p—p1] >

gn(ZhZQ) -

dH (t)
(t — z1m(21))(t — 2z2m(22))
mg(z1m(21)) — mg(22m(22))
z1m(21) — 22m(22)

b () = (L4 8(20)) (1 + 6(22) /

= n(l+6(z1))(1 +6(22))

6(21) — d(22)
zin(z1) — 22n(22)
In the case of 21 = 29 = z, we obtain

_ )2 _dH(t)

62— €9 =m0+36)? [
_ MaEnC) s 9G)
71,7:77’(2)4—77(2)(1+6( )" = (zn(2))

Similarly, using (A.25) we get for gn(zl, z9), i.e.,
; : _0(z) = 9(20)
Snlznz2) = L, m) = zom(22) — z11m(21)

Z1 — %9 5(21) 76(22)
(2177(21) - 2277(22))2122 * 2177(21) - 2277(22)

= (1—71)

(1—=m) 21 — 22
= +&(21, 2
2122 z21n(z1) — zan(22) Sz, 22)

(5 +9() _ (1-m)

@) = = TEy T Ry
In using these results as well as
. ) dH (t dH (¢t .
6/
nmy(2n(z)) = a —£Z(5))2 (A.30)

and applying
12 (C N 1 C) W W 1C)
71/ t—an(2)? -
)

(1468(2))? (zn(2))  (1+6(2))*

tdH (t - H(t) (s H(t) o (2) £(2) ol
n | T mE wf @) T )/ C—m@F 116 @+ oz ")

t —2n(z))

2
_ ( L ’”7(’““)))2&(2)) 26(2)E()

~ 2
An(z) — A(Z)=<171 / : tH(t) ) 22 (2)E(2)

14+46(z) (1+46(z

B ( () + §<z>>2 - 2€() - Le(z) (A.31)
110(2) 1+0(z) (2n(2)') '
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Moreover, the term (27(z))" can be rewritten further as follows

o) = (+0E)+BE) = (040 (1+06) - 27 )

= (2(14+0(2)” = (L =)L +3(2))) = (1 +5(2))* + 2(1 + 6(2))0'(2)z — (1 — 71)d'()
= (1+38(2))% +2(20(2)) (1 +6(2))€(2)2 — (1 = m1) (21(2)) € (=),
which yields to

! = ! ! —2¢(2)z 1= m z
i)~ 1+6(2) <1+5(z) 262+ 50 & )>
Similarly,
D) ) = i et - )
- +15 %)+ 11;5?1)5@), (A.32)
which is exactly equal to (1 +d(z))/(zn(z))". Now, (A.32) and (A.31) lead to
_ 1 1— 71 1—m 1—m
Al) = <1 o) T1vec > (1 +o(z S +5(z)€<z)) ~ eyt
_ 1 L—m I—-m _
- (5 T )a D)) - { e
1 _
= 1—|—5(z)\1/ 1(2) (A.33)

From Lemma 1 we get that the matrices T},(z) and T}, (z) could be chosen without loss of generality

as diagonal matrices, which implies

wp(z) = Zt =221 (T2(2)) — 226%(2),
1 pP—p1p—p1
(o(2) = > (| Th(z)my)® =0.
L gy
kel

Now, Theorems 2.2.1 and 2.2.2 by Yao (2013) reveal that My, (2) = (p — p1)(mpw(2) — mpm, (%))
converges to a Gaussian process Ma(z) with mean function and covariance function given by

BOLG) = 320 (#66)r(TH6) + 6l n(T2()

Lr(2, " MM 33, T5 (2)) ( Lo (ZR MM T2 )))

(1+6n(2))? (1+6n(2))?
wn(2) 1 H(no1/2 Tw—1/23 1 . 1/2 Tw—1/22 (TP (5
bl (L MM R T 0)6 () (2 MM S T (T2() ) )

ov(Ma(21). Ma(zg)) = 2. Z1n(z1)) (2200 (22))
Cov(Mz(z1), M2(22)) 2 (1) = zamm(22))7

Since n,(z) — n(z), we get that

n'(z)n'(22) 9log(n(z1) —n(22))
COV(MQ(Z]_), MQ(ZQ)) — 2(77(21) — T](ZQ))2 =2 321622 .
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Furthermore,

v

(2) " LA (14 56(2))°
BOGE) — BE)= 3 ( /(t dH(t (14 8())? (= ("fr(s( i
2262(z) tdH (t) B 2 tdH (t) dH (t)
BETE)E <”/(t—zn( s (1 8D n(e) (t—zn(z)>2/<t—zn<z>)
where from (A.33) it follows that
¥(z)

= z 2 Z).

AC) = (1+6(2))¥(z)

Because of (A.29), (A.30) and
92 tdH(t) dH (t) 2 dH (t

57 | eaty = 2 e (O] + [ gt

_ dﬁ(t) 2 /
= 2 [ s ) ) iy () (2

B dH (t) .
= 2 [ |
" 5" (2) 5 § 2(2)

Mmeg (277( )) = (1 n 5(2,)2 - (1 +(5(Z>)3’
we obtain
., / dH (t) _ (1+5((?))2 - 2(115((5)))3 - (1%(22))2 ((ZZZ((ZZ))))/
L= an(2))3 2(zn(2)) 2 '
On the other hand, it holds that
oy @) g ) 8 ()
= Gy @) T eyt )
Thus, we have
%/’ dH(t) £(2) &)
(t —zn(2))3 2(1+0(2))2(2n(2))  (1+0(2))3
3 1 Uz
u+&>>< 2 5(0
and

<
- a+;av<“”+<z?+§3>(g@%1@)§@0>'
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As a result, it holds that
T -1
B(z) = (1+4(z ((z2£ 11+_571 _l(z)> (L‘g(z) - 52(z))
+

(- 155 ) (F23-2 ) ) (v + 2602)
+ -2 (-0
(145 — (1 =) (Wﬁ(z) )
= WP [FANE + 1 (604 (- Sl ) V@) e + )
S GERELE (z— st +1)]

= 1+ ST (BN + 1 (-FENE) + 6 + 2)

) - T ) VO T V) + ¥ ONG)

e (2zf(z) T1+6(2) 1+4(2) 1+4(2)

w(z)
S
with
N = ST ) ma @) =) + v
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