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Abstract

In this paper we consider the problem of measuring stationarity in locally stationary long-
memory processes. We introduce an Lo-distance between the spectral density of the locally
stationary process and its best approximation under the assumption of stationarity. The dis-
tance is estimated by a numerical approximation of the integrated spectral periodogram and
asymptotic normality of the resulting estimate is established. The results can be used to con-
struct a simple test for the hypothesis of stationarity in locally stationary long-range dependent
processes. We also propose a bootstrap procedure to improve the approximation of the nominal
level and prove its consistency. Throughout the paper, we will work with Riemann sums of a
squared periodogram instead of integrals (as it is usually done in the literature) and as a by-
product of independent interest it is demonstrated that the two approaches behave differently
in the limit.

AMS subject classification: 62M10, 62M15, 62G10
Keywords and phrases: spectral density, long-memory, non-stationary processes, goodness-of-fit

tests, empirical spectral measure, integrated periodogram, locally stationary process, bootstrap

1 Introduction

The assumption of (second-order) stationarity is quite common in the analysis of time series data
like wind speeds, computer network traffic or stock returns. This condition allows for a well
developed statistical analysis, and there exist numerous books and articles dealing with parameter
estimation or forecasting techniques. However, under the assumption of stationarity many real

world phenomena can only be described by complicated and less intuitive models. A typical example



005
L

0.00
L

005

00

L
T T T T T T

0.0

0.10

T T
I
T T T T T T T T T T T T T T T T T T T
0 500 1000 1500 2000 0 5 10 15 20 25 30 0 5 10 15 20 25 30

Figure 1: Left panel: log-returns of the IBM stock between June 9th 2004 and July 24th 2012,
middle panel: ACF of the log-returns Xy, right panel: ACF of the squared returns X?

can be found in the left panel of Figure 1 which shows 2048 log-returns of the IBM stock between
June 9th 2004 and July 24th 2012. We observe that the autocovariance function (ACF) (k) =
Cov(Xg, Xi) of the log-returns X; is converging to zero very “fast” as k — oo, while this is not the
case for the ACF of the squared returns X7 [see the middle and right panel in Figure 1]. The latter
effect serves as the usual motivation to employ stationary long-memory models in the analysis of

stock volatilities [see Breidt et al. (1998)]. This means that stationary processes satisfy
(k) ~ CE*L k= o0 (1.1)

for some d € (0,0.5), which is called the long-memory parameter. Examples which fit into this
framework are the well-known FARIMA (p, d, ¢)-models introduced by Granger and Joyeux (1980)
and Hosking (1981). However, these kinds of processes are not very intuitive and it was suggested
by several authors that one should use simple but non-stationary “short-memory” models instead
[see for example Mikosch and Starica (2004), Starica and Granger (2005), Fryzlewicz et al. (2006)
or Chen et al. (2010) among others]. Therefore an important question of interest in this context is,
if the data should be analyzed by a stationary long-range dependent model or by a non-stationary
“short-memory” model.

In the present paper we propose a measure of stationarity in long-range dependent locally stationary
processes, which is used for the construction of a consistent test for the hypothesis of stationarity.
Since the assumption of stationarity is crucial in the application of various statistical tools, there
exist several procedures to validate this condition in the context of short-memory processes. A first
test for stationarity in locally stationary processes [as introduced by Dahlhaus (1997)] was proposed
by von Sachs and Neumann (2000) and is based on the estimation of wavelet coefficients by a
localized version of the periodogram. Paparoditis (2009, 2010) suggested an Lo-distance between
the estimated spectral densities under the assumptions of stationarity and of local stationarity, and
Dwivedi and Subba Rao (2010) developed a Portmanteau-type test statistic to detect deviations
from stationarity. Besides the choice of a window width for the localized periodogram, which is
inherent in essentially any statistical inference for locally stationary processes, all these methods

require the choice of at least one additional smoothing parameter, such as the order of the wavelet



expansion, a bandwidth for the estimation of the spectral density or the order in a Portmanteau-
type test. Dette et al. (2011a) developed tests for stationarity in the framework of locally stationary
processes which only require the choice of one regularization parameter, namely the window length

for the localized periodogram in the estimation procedure. These authors considered the Lo-

D? .= /01 /_7; (f(u,)\)—/olf(v,)\)dv>2d)\du (1.2)

between the time varying spectral density f(u,\) and its approximation A — fol f(v, A)dv through

distance

a spectral density corresponding to a stationary process. It is easy to see that the process is
stationary (i.e. the time varying spectral density does not depend on u) if and only if D? = 0, and
D? can be considered as a measure of deviation from stationarity in the frequency domain. This
quantity corresponds to the measure used in Paparoditis (2009), but unlike to this author, Dette
et al. (2011a) estimated D? directly via Riemann sums of the (squared) local periodogram instead
of a smoothed local periodogram and thus avoided the choice of a smoothing parameter. Preuf
et al. (2012) proposed an alternative measure for deviations from stationarity which is based on

the Kolmogorov-Smirnov distance

1 (v [ mw ol
Drs = sup ’/ £, Ndrdu — U/ / £(u, \)dud (1.3)
(v,w)€l0,112 ™o J—mw —7w JO

[see also Dahlhaus (2009)]. Both approaches have their pros and cons. In particular tests based on
the distance (1.3) are v T-consistent (here 7" denotes the sample size). On the other hand it is well
known that - although such tests are consistent against alternatives converging to the null hypothesis
at a parametric rate - Kolmogorov-type and related tests greatly weigh down contributions from
high frequency components [see Ghosh and Huang (1991), Eubank and LaRiccia (1992) or Fan
(1996)]. Moreover, the limiting distribution of Kolmogorov-Smirnov-type test statistics is usually
not known. In principle this problem can be solved by bootstrap methods. However in many cases
this yields to a loss of power. On the other hand, tests based on the Lo-approach can often use
critical values from the standard normal distribution.

As all procedures which have been suggested so far for discriminating between stationarity and non-
stationarity, the tests proposed by Dette et al. (2011a) and Preu8 et al. (2012) are only applicable
to short-memory processes, and the development of a corresponding methodology in the context of
long-range dependence is missing. In fact, although stationary long-memory models are employed
numerously in practice, there do not exist many tests for the hypothesis of stationarity which
include these processes. Berkes et al. (2006), Sibbertsen and Kruse (2009) and Dehling et al.
(2011) consider CUSUM and Wilcoxon type tests to discriminate between long-range dependence
and one change in mean. However a change with respect to the mean is of course only the simplest
possible deviation from stationarity and there is particular interest in measuring deviations in the
dependency structure over time as well.

Recently, Preufl and Vetter (2012) developed a test for stationarity which includes the long-range

dependent case and is based on the distance (1.3). As mentioned in the previous paragraph there



exist several situations where this approach is not the best and for this reason we consider in this
paper an alternative test which is based on the measure defined in (1.2). For this purpose, we
estimate the integrals in the distance D? in (1.2) by Riemann sums where the unknown spectral
densities are replaced by periodograms. For the resulting statistic we will show that an appro-
priately standardized statistic converges to a standard normal distribution if the (possibly time
varying) long-memory parameter d(u) is smaller than 1/8. These results are used to develop a
bootstrap procedure for the approximation of the limit distribution and to prove its consistency in
the general case.

Although that the proof of asymptotic normality seems to be more of theoretical nature, because the
bootstrap procedure derived in the second part of the paper can in principle also be applied in the
case d(u) < 1/8, these results are of interest from several perspectives. Firstly, several arguments
used in the proof of asymptotic normality are also required in the proof of consistency of the
bootstrap procedure and easier illustrated in the unconditional case. Secondly, and most important,
the estimate ﬁ% of D? is based on estimates of the integrated and integrated squared spectral
density fol f(u, \) du and fol ST f*(u,\) dXdu, respectively. For this purpose we use Riemann
sums of the squared periodogram instead of not computable integrals as it is usually done in the
literature [see Taniguchi (1980), Fox and Taqqu (1987) and Palma and Olea (2010) among others].
Although one might expect that both estimators exhibit a similar behavior with respect to weak
convergence, it is demonstrated in Section 3 that this is not the case in the present context. A
similar observation was also made by Deo and Chen (2000) in the case of short-memory stationary
processes. To the best of our knowledge, even in the (much simpler) stationary case, Riemann sums
of a squared periodogram have not been considered in the literature for the long-range dependent
case.

The remaining part of this paper is organized as follows: In Section 2, we introduce the necessary
notation and define an empirical measure of stationarity. In Section 3, we prove that an appropri-
ately standardized version of this measure converges weakly to a standard normal distribution if
the time varying long-memory parameter is smaller than 1/8. In Section 4, we present a bootstrap
procedure to approximate the distribution of f)% and prove its consistency. The finite sample prop-
erties are investigated in Section 5. Finally, we defer all technical details to appendices in Section

6 and 7.

2 Measuring stationarity in locally stationary long-memory pro-

cesses

In order to obtain a measure of stationarity including the long-range dependent case, we require a
set-up which is flexible enough to cover stationary long-memory processes and a reasonable time-
varying extension of it as well. For this reason, we consider the following theoretical framework of
a locally stationary long-memory process [similar approaches can be found in Beran (2009), Palma
and Olea (2010) and Roueff and von Sachs (2011)].



Assumption 2.1. Let {X; 7}=1, .1 denote a sequence of stochastic processes which have a MA (c0)

representation of the form

o0

Xir =Y iy, t=1,....T, (2.1)
1=0
such that
o0
sup  sup Zwim < 00, (2.2)

TeNte{l,...,T} 15

where {Z;}1ez are independent and standard normal distributed random variables. We further

assume the following conditions.

1) There exist twice continuously differentiable functions ¢y : [0,1] — IR (1 € Z ) such that

C
and
a(u) 1
Yi(u) = 1) +0 (I(Z)Q—dOO) (2.4)

holds uniformly in u as | — oo, where d,a : [0,1] — IRy are twice differentiable functions,

C € RT and doo = sup,¢p1] d(u) are constants and I(x) := || - Liz20y + 1iz—0}-

2) The time varying spectral density
A) = 71 —il ’
flu, ) : ‘ZE y Y1(u) exp(—iAl) (2.5)

is twice continuously differentiable on (0,1) x (0,7). Moreover, f(u,\) and all its partial

derivatives up to order two are continuous on [0,1] x (0, 7).

3) There exists a constant C € IRY, which is independent of u and \, such that for | # 0

C'log|l|

sup [Yj(u)] <~ (2.6)
ue(0,1) [} oo
Clog? |l
sup [u(w) < SoE 27)
u€(0,1) ||} dee
In addition, we assume
0 C'log())
—_— < — 2 2.
uz&l?l) uf(u,k)’ S ek (2.8)
0? C'log?(\)
— M| < —2—~. 2.
i ] = o .



For the sake of a transparent notation, we will use C' € IR™ as a universal constant throughout this
paper. Note that the process is stationary if ¢y, 7 = ¢ for all [,¢,T" € IN. Condition (2.2) ensures
that the infinite sum in (2.1) exists in the Lo sense, and (2.3) means that the process X; 7 can be
approximated by a stationary model on a small time interval. It is also worthwhile to mention that
the assumption of Gaussianity is only imposed here to simplify technical arguments [since they are

quite involved even in this case|; see Remark 3.5 for more details. Next, we consider the process
o
Xo(u) =Y i(u)Zy (2.10)
1=0

in order to visualize some properties of a locally stationary long-memory process. Firstly, X;(u)
is stationary for every fixed u € [0,1] and analogously to the stationary case, the condition (2.4)

implies the existence of bounded functions y; : [0,1] — R (i = 1,2) such that

yilu
Cov(Xe(u), Xess()] ~ 20 as k5 o0

and

Flu, ) ~ i’;a(l:i)) as A — 0; (2.11)

[see Palma and Olea (2010)]. Consequently, the autocovariance function (u, k) = Cov(Xo(u), X (u))
is not absolutely summable and the time varying spectral density f(u,\) has a pole at A = 0 for
any u € [0, 1].

As an example which fits in this theoretical set-up we consider the time varying FARIMA (p, d, q)
model defined by the equation

a(t/T,B)1 — B DX, r =b(t/T,B)Z;, t=1,..,T, (2.12)

where B denotes the backshift operator,

p q

a(u,z) :=1-— Zaj(u)zj, b(u,z) =1+ ij(u)zj
j=1 Jj=1

for given functions a;, b; : [0,1] — R, and d : [0, 1] — (0, dso] is twice continuously differentiable with
doo < 1/2. It is shown in Preufl and Vetter (2012) that under certain regularity conditions on the
functions a;, b;, these equations have a locally stationary solution in the sense of Assumption 2.1. If
the functions a;, b; and d do not depend on u, (2.12) corresponds to the common FARIMA (p, d, q)
equation [see for example Palma (2007) for conditions for the existence of a solution|, which is
included in our theoretical framework.

For the construction of an estimate of the quantity (1.2) we note that
D? = 21F| — AnFy, (2.13)

where

1 1 s
F o= — / F2(u, N)dMdu, (2.14)
27 0 —T
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R = % T;(/Ol f(u,)\)du)2d)\. (2.15)

Consequently, it follows from (2.11) that the distance D? is only well defined if do, < %. We assume
without loss of generality that the sample size T can be decomposed into M blocks with length NV
(i,e. T = NM) where N and M are positive integers and N is even. A rough estimator for the
time varying spectral density f(u, ) is then given by the local periodogram at the rescaled time
point u € [0, 1] which is defined by

T ‘ 9
In(u, A) = m‘ Z XLuijN/QJrlJrs,T exp(—ils)| ,
s=0

where X7 =0 for j & {1,...,T} [see Dahlhaus (1997)]. This is the usual periodogram computed
from the observations X |, 7| _n/241,7; - - - s X|uT|+N/2,T> and it can be shown that it is asymptotically
unbiased for the time-varying spectral density f(u, ) if N — oo and N = o(T'). However, Iy (u, \)
is not consistent just as the usual periodogram. In addition, I (u,\)? is an unbiased (but not
consistent) estimate of the quantity 2f2(u, \) instead of f2(u, \).

We now construct empirical versions of (2.14) and (2.15) by replacing the integrals through appro-
priate Riemann-sums and substitute f(u, \) and f2(u, A) by In(u, ) and Iy (u, \)?/2, respectively.
For this purpose, we define the rescaled mid-points of the M blocks

ti  N(G—-1)+N/2

= == =1,.... M
u] Tv T O 9 9 )

and consider the statistics

LM B
Fip = T.Z In(uj, Men)?, (2.16)
j=1k=1
B M
. 1 1 2
Bur = 5 1(MZ;IN(uj,>\k7N)) , (2.17)
e ]:

where Ay v = 27k/N denote the usual Fourier frequencies. The empirical measure of stationarity

(1.2) is finally given by
D% :=2nFy 1 — 4wk p. (2.18)

We would like to point out here that it is far from obvious that ﬁ% is a consistent estimator of D?. In
general it is not true that an integrated function of the periodogram converges to the corresponding
integrated function of the spectral density. This - at a first glance - is a counterintuitive property
of the integrated periodogram and was already observed by Taniguchi (1980) in the context of
stationary short-memory processes. These problems are also visible here as well as we require a
multiple of I (u, A)? to obtain an asymptotically unbiased estimator for f?(u, ). In the following

section we will prove consistency of D% and study its weak convergence.



3 Consistency and weak convergence

Throughout this paper, the symbols P, and 25 denote convergence in probability and weak

convergence, respectively. In order to specify the bias of FLT and F2,T we define

Fir= 2MZ f2uj, )d\, Fyp = / qu], )

and obtain the following results.

Theorem 3.1. Suppose Assumption 2.1 holds with sup,cp 1 d(u) < 1/4 and that the conditions
N
N — oo, T 0 (3.1)

are satisfied. Then Fl,T —P—> Fi, FQ’T —P—> Fy and in particular
D2 2, p?
as T — oo.

Theorem 3.2. Suppose Assumption 2.1 holds with de = sup,cp 1) d(u) < 1/8 and that the condi-

tions

N VT

are satisfied. Then as T — oo we have
~ - D
\/T{(Fl,Ty )t — (Pur, For +dyr)’ — Cr} — N(0,),

where the covariance matriz 3 and the constant dy T are given by

. 37w, A)dudA E (fo1 U, A)du fol P u ”\)du)dA (3.3)

2 (f01 w N [ f3(u N )ax L7 (£ 2) du) Jo £ X)) d
dyr = 47TM2 Z f2 (uj, A) dA, (3.4)

respectively, and the vector Cr € IR? is of order O (N?/T? +1log(N)/(MN'~4d=)). In particular,
this term vanishes if the functions ;(u) are independent of u for alll € Z [i.e. the spectral density
f(u, N) of the underlying process Xy r is independent of u].

A similar result for the short-memory situation has been derived by Dette et al. (2011a). In contrast
to their result, there appears an additional bias term C in Theorem 3.2. This term is negligible
under the additional condition N2/T3/2 — 0 which holds under the stronger restriction do, < 1/12
due to (3.2). On the other hand, under the null hypothesis of a time independent spectral density

Hy : f(u,\) is independent of u, (3.5)



we have that Cp = 0 (this follows from the proof of Theorem 3.2 in the Appendix). Since the
covariance matrix (3.3) contains the integrated fourth power of the spectral density, we obtain
from (2.11) that Theorem 3.2 is not valid whenever do, > 1/8. Writing (CLT,CQ,T)T = Cr, a
straightforward application of the Delta-method yields the following result.

Corollary 3.3. Under the assumptions of Theorem 3.2, it holds
ﬁ(D% — D% + 47TdN7T + 47T02’T — 27T01,T) —Z—)—> N(O, ’7’2), (3.6)

where D% =2 F 1 — 4nFy 1 and the asymptotic variance is given by

- 20%/7; /01f4(u,)\)dud)\—3277/:(/01f(u, )\)du/ol F3(u, A)du)d)\ (3.7)
+167 /_7;((/01 f(u, A)du)2/01 f2(u,/\)du>d>\.

Under the null hypothesis (3.5) we have D% = C1, 7 = Cor = 0 and the asymptotic variance in
(3.7) reduces to T%I = 4 fTr f4(\)dX\. The asymptotic bias drdy T = @FLT can easily be
estimated by the statistic BT QWN F1 1 and we infer from Theorem 3.2

A 20N N
\/T(BT —47TdN,T) = WT T<F1,T—F1,T) _2_) 0.

Thus Slutzky’s Lemma together with (3.6) yields
VT (D% + BT) L5 N(0,72,) (3.8)

under the null hypothesis. To construct an asymptotic level a-test for stationarity, it therefore

remains to estimate the variance 7']2{0 in (3.8), and an estimator for this quantity is given by

22 L 222
iy, = 4m°7{ with

|z

J

M
> In(ug, M)t
k=1 ]:1

1
6T

The consistency of this estimator follows from the next theorem.

Theorem 3.4. If the assumptions of Theorem 3.2 are satisfied, we have

1 ™ 1
2 Py / / FA(u, N)dudA.
T™J_xJo
Combining (3.8) with Theorem 3.4 yields
~ o A .9 D
\/T(DT + BT)/, [#2. 25 N(0,1) (3.9)
and therefore an asymptotic level a-test is obtained by rejecting the null hypothesis (3.5) whenever
VT (D} + Br) [\[#, = w1, (3.10)

where u;_, denotes the (1 — a)-quantile of the standard normal distribution. It follows from
Theorem 3.2 that this test is consistent, because the left hand side of (3.10) converges to infinity,

whenever there exists a A € [—7, 7] such that the function u +— f(u, A) is not constant.



Remark 3.5. If the innovation process (Z;)icz in (2.1) is not Gaussian, it can be shown that

Corollary 3.3 is still valid where the asymptotic variance 72 in (3.7) has to be replaced by

TS = 72+Z‘§{4/01< _ter(u,)\)d)\>2du—|—4/Ol( _if(u,k)(/lf(u,)\)du>d)\>2du
—8/01< _:fQ(u A) dX qu)\ </ f(v,\) du)dA)du}

and k9 and k4 denote the second and fourth cumulants of the innovation process, respectively. In

particular, under the null hypothesis of stationarity, it follows that Tg2 = 72

= 7'12{0 and hence no
adjustments in the asymptotic level a-test in (3.10) are necessary to address non normal distributed

innovations.

Remark 3.6. We note that for locally stationary long-range dependent models the asymptotic

variances of the statistics
1 M .
Fip=—— In(ui, \)2d
LT = 7 jEl /_7T N (uj, A)? dA

and of FLT, defined in (2.16), are different. In fact it follows by similar arguments as given in the

appendix that

lim T Var(Fy 1) = / / FA(u, N)dud,
T—o0

while

lim T Var(F) 1) = / / £ (u, N)dud\

T—o00

by Theorem 3.2. Moreover, similar arguments as given in the proof of this statement show that
even in the stationary case the asymptotic variance of the statistic ffﬂ I7(\)? d) and its discretized
version (27/T) 4, It(\p.1)? are not the same (here I7(\) denotes the usual periodogram and
Ak,7 = 27k /T are the Fourier frequencies). Deo and Chen (2000) observed the same effect in the

context of stationary short-memory processes.

4 Critical values by resampling

We now consider the more general set-up with do, < i as specified in Assumption 2.1. We will show
that in this case a bootstrap procedure can be used to approximate the distribution of D% under
the null hypothesis (3.5). We employ the FARI(co) bootstrap which was recently introduced by
Preufl and Vetter (2012) and fits an FARIMA((p, d, 0)-model to the data, where p = p(T') converges
to infinity with increasing sample size T. To prove consistency of this procedure, we require the

following technical assumptions.

10



Assumption 4.1. For the stationary process {X;}icz with strictly positive spectral density A —
fo u, A)du, there exists a constant d € (0,1/4) such that the process

Y, = (1- B)%X, (4.1)

has an AR (oo )-representation of the form
Yi=> aVij+ 2R, (4.2)

where {ZJAR}jez denotes a Gaussian White Noise process with variance o > 0 and the coefficients

in the representation (4.2) satisfy

S Ja 17 < oo, (43)

j=1

1— Zajzj #0 for |z| <1. (4.4)
j=1

Note that under the null hypothesis of a time independent spectral density, it follows that d = d =
d(u) for all u € [0, 1], but under the alternative we usually have d # do.. The FARI(c0) bootstrap
incorporates the following steps: First we choose a p = p(T') € IN to construct an estimator, say d,

of the long-range dependence parameter d in model (4.1). Secondly we calculate an estimator of

2
(a1,p,...,app) = argmin IE(Yt Zb]th J> , (4.5)

bl sPre 7bP P

by fitting an AR(p)-model to the data. In order to describe the main idea of our procedure in more

detail, we introduce the “true” approximating process YtAR(p) by
YAR (p) Z a;, pYAR + ZAR (4.6)

where the parameters a;, are defined in (4.5) and {Z{'#},cz is a Gaussian White Noise process
with mean zero and variance o7 = E(Y; — Z§:1 a;jpYi—j)% If p = p(T) — oo the process Y Af(p)
approximates Y; and therefore (1— B)~2Y,A%(p) is “close” to the stationary process X; whose spec-
tral density is given by A — fol f(u, N)du. Under the null hypothesis of stationarity, this function
coincides with the spectral density of {X;r}i=1,. 7. Hence, observing the data X; 7, ..., X7, the
FARI(oc0) bootstrap precisely works as follows:

1) Choose p = p(T') € IN and calculate éT,p = (d, ap, a1 p; .-, Gpp) as the minimizer of

T/2

Ir(\rr)
fz (logfep (M) + fep(AkT)) 7

11



_ 2
where 0, = (d, 05, a1, ..., app),

T
1 ) 2
Ir(\) = ﬁ‘ZXt:T exp(—it)
t=1

is the usual periodogram, and
1= exp(—ix)| 4 o2

fo, (A X —~
%N 27 11 =370 ajpexp(—iXj)|?

is the spectral density of a stationary FARIMA(p, d, 0)-model. Note that the estimator éTm
is the classical Whittle estimator of a stationary process [see Whittle (1951)].

2) Calculate Y7 = (1 — B)quT for t = 1,...,T and simulate a pseudo-series Y{'r,..., Y7 1

according to the model

YVtTT = YVt,T; t= 17"'apa
p

Yip = Y apYy r 46,25, p<t<T,
7j=1

where Z; denotes an independent sequence of standard normal distributed random variables.

3) Create the pseudo-series X L1 X from the equation
% —dy =
i, = (1 - B) RN & (4-7)

~2 . ~ .. .
and compute DT’* in the same way as D% where the original observations X1 r,..., X7 are

replaced by the bootstrap replicates XiT, ey X:?’T.
Our main theorem in this section describes the theoretical properties of this procedure.

Theorem 4.2. Assume that the null hypothesis (3.5) holds and let Assumption 2.1 and 4.1 be
fulfilled. Furthermore, suppose that the conditions

N
N — 00, — —0,

are satisfied for some 0 < § < 1/2, and assume for the growth rate (rate of convergence) of p = p(T)
the following:

i) There exist sequences pmaz(T) > Pmin(T) T2y o such that p(T) € [Pmin(T), Pmaz(T)],
Pinae(T) 1og(T)*N°T~ = O(1), (4.9)
VTp,2.(T)//1og(T) = o(1). (4.10)

ii) The condition

log(T)) (4.11)

HéTm_epHoo:OP ( T

is fulfilled uniformly with respect to p, where HATVP denotes the estimator used in step 1) of the

bootstrap procedure and 6, = (dp, o%, a1 p, ..., Gpp) are the corresponding “true” parameters.

12



Then there exist random variables ﬁ%a and ﬁ%z such that
~ D ~2x
(a) D%,a = DT7a>
(b)  Var(D})"V*(D} - D}, ) = op(1),
() Var(Dy")"2(D} - D) = op(1),

. max(4d—1/2,0) 1 1
gl = o (M R L)

VT VAR
The estimate in (d) also holds if the null hypothesis (3.5) is not satisfied.

Note that conditions like (4.9)-(4.11) are standard in the context of parametric bootstraps [see for
example Berg et al. (2010) or Kreif} et al. (2011)] and a detailed discussion of them is given in Preuf§
and Vetter (2012). We now obtain an asymptotic level a-test based on D% as follows: Calculate B
bootstrap replicates D T , denote by (D % )T,1s - (f)%*)T B the resulting order statistic and reject

the null hypothesis whenever

D} > (DF*) 1, (1—a)B) - (4.12)

Theorem 4.2 and the argumentation in Paparoditis (2010) indicate that this procedure is valid
for obtaining an asymptotic level a-test. In order to prove this more formally, we follow Bickel
and Freedman (1981) by considering the Mallow metric do(F, G) = inf /EE(X — Y)2 between two
distributions F' and G, where the infimum is taken over all pairs (X,Y’) of random variables with
marginal distributions F' and G. Theorem 4.2 then yields the following result which states that the
test (4.12) has, in fact, asymptotic level a.

Theorem 4.3. Suppose the null hypothesis (3.5) and the assumptions of Theorem 4.2 are satisfied.

Then, as T — oo, the Mallow distance do between the distributions of the random variables
D%/ Var(f)%) and ﬁ%’*/ Var(ﬁ%’*)
converges to zero in probability.

Consistency under the alternative follows since Theorem 4.2 d) yields that each bootstrap statistic

D%’* converges to zero while 15% exceeds some positive constant (for T sufficiently large) due to
Theorem 3.1.

5 Finite sample properties

In this section we examine the finite sample properties of the proposed decision rule (4.12). An
important problem is the choice of the window length N for the calculation of the local periodogram
and the choice of the AR parameter p in the bootstrap procedure. Throughout this section we
choose p as the minimizer of the AIC criterion [see Akaike (1973)], which is defined by

p = argmin %Tz/é (long (Aer) + M) + P
pT P 0(p) ’ fé(p)()\k‘,T) T

13



in the context of stationary processes due to Whittle (1951) [here fé(p) is the spectral density of
the fitted stationary FARIMA(p,d,0) process and I is the usual stationary periodogram]. We
therefore restrict ourselves to an analysis of the sensitivity with respect to N in the following, and
it will turn out that the test (4.12) using the FARI(c0) bootstrap exhibits a remarkable robustness
with respect to the choice of V. All reported results of this section are based on 1000 simulation

runs and 200 bootstrap replications.

5.1 Size of the test

In order to investigate the approximation of the nominal level we simulate data from the
FARIMA(1,d,0) model

(1-¢B)(1 - B)'X; = Z (5.1)
and the FARIMA(0,d, 1) process
(1-B)'X; = (1+6B)Z (5.2)

for different values of ¢, 0 and d where the random variables Z; are independent standard normal
distributed. The rejection probabilities for the bootstrap test (4.12) are displayed in Table 1-4
where d € {0.1,0.2}. We observe a very precise approximation of the nominal level in nearly all

cases which is rather robust with respect to different choices of the parameter M and N.

In order to study the power of the test we consider the following alternatives

(1 - B)' X1 = Z; + 0.8 cos (1.5 — cos(4nt/T)) Zs_1, (5.3)
(1 —0.6sin(4nt/T)B) (1 — B) X, r = Z, (5.4)
(1 - B)*X; 1 = \/sin(nt/T) Z, (5.5)

where d = 0.2. These kinds of alternatives were investigated by several authors in the context
of locally stationary short-memory processes [see Paparoditis (2010) and Dahlhaus (1997)]. The
rejection frequencies for the bootstrap test (4.12) are depicted in Figure 2—4 for different combi-
nations of T and N. Additionally, the results for the Kolmogorov-Smirnov approach of Preufl and
Vetter (2012) are presented. We observe that the new procedure clearly outperforms the test of
Preufl and Vetter (2012) for the models (5.3) and (5.4) while the Kolmogorov-Smirnov test works
better for the process (5.5). In addition, we observe that the new decision rule is less sensitive with

respect to different choices of N than the test based on the Kolmogorov-Smirnov distance.

Acknowledgements. This work has been supported in part by the Collaborative Research Center
“Statistical modeling of nonlinear dynamic processes” (SFB 823, Teilprojekt A1, C1) of the German
Research Foundation (DFG).
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¢=-09 ¢=-05 ¢=0 $=05 $=0.9

T N M| 5% 10% | 5% 10% | 5% 10% | 5% 10% | 5% 10%
Al | 128 16 8 | .126 .182 | .072 .123 | .036 .074 | .073 .126 | .084 .147
A2 | 128 8 16 | .140 .200 | .085 .132 | .041 .090 | .073 .128 | .084 .118
Bl | 256 32 8 | .065 .135 | .064 .119 | .042 .088 | .062 .113 | .075 .147
B2 | 256 16 16 | .080 .132 | .056 .108 | .040 .082 | .051 .109 | .062 .109
B3| 256 8 32 | .068 .111 | .045 .095 | .046 .097 | .072 .147 | .049 .114
Cl| 512 64 8 | 054 .109 | .049 106 | .039 .089 | .049 .114 | .082 .134
Cc2 | 512 32 16 | .038 .093 | .043 .086 | .039 .085 | .059 .108 | .065 .132
Cc3 | 512 16 32 | 061 .095 | .051 .102 | .045 .081 | .059 .109 | .043 .104
C4| 512 8 64 | .060 .107 | .053 098 | .045 .083 | .060 .116 | .042 .093
D1 | 1024 128 8 | .039 .104 | .042 .093 | .042 .085 | .035 .093 | .079 .132
D2 | 1024 64 16 | .053 .104 | .058 .097 | .050 .110 | .057 .10l | .068 .126
D3 | 1024 32 32 | .033 .076 | .058 .114 | .046 .086 | .070 .107 | .062 .115
D4 | 1024 16 64 | .046 .089 | .036 .091 | .044 .084 | .054 .109 | .044 .099
D5 | 1024 8 128 | .037 .073 | .041 .091 | .041 .091 | .061 .131 | .045 .097

Table 1: Rejection probabilities of the bootstrap test (4.12) under Hy for different choices of T,N
and M. The data was generated according to model (5.1) with d = 0.1 and different values for ¢.

¢=—0.9 $=-0.5 $=0 $=105 $=09
T N M| 5% 10% | 5% 10% | 5% 10% | 5% 10% | 5% 10%
Al | 128 16 8 |.107 .164 | .063 .114 | .050 .108 | .072 .121 | .108 .166
A2 | 128 8 16 | .106 .160 | .064 .118 | .041 .085 | .073 .124 | .078 .138
Bl | 256 32 8 | .064 .123 | .048 .104 | .042 .094 | .075 .131 | .079 .137
B2 | 256 16 16 | .058 .125 | .051 .10l | .040 .101 | .065 .112 | .055 .116
B3| 256 8 32 | .079 .124 | .047 .089 | .051 .091 | .053 .106 | .050 .105
C1| 512 64 8 |.050 .093 | .048 .090 | .051 .103 | .047 .104 | .075 .133
Cc2 | 512 32 16 | .047 .104 | .044 .087 | .039 .085 | .053 .109 | .068 .124
c3 | 512 16 32 | .042 .097 | .044 .087 | .057 .106 | .046 .105 | .060 .104
c4 | 512 8 64 | .050 .102 | .053 .101 | .052 .088 | .058 .121 | .062 .114
DI | 1024 128 8 | .044 .090 | .046 .102 | .051 .107 | .039 .092 | .076 .140
D2 | 1024 64 16 | .043 .082 | .040 .088 | .050 .098 | .046 .098 | .060 .106
D3 | 1024 32 32 | .045 .089 | .054 .097 | .057 .103 | .060 .104 | .066 .115
D4 | 1024 16 64 | .044 .087 | .038 .087 | .049 .094 | .059 .106 | .051 .101
D5 | 1024 8 128 | .041 .082 | .041 .089 | .038 .086 | .061 .103 | .054 .103

Table 2: Rejection probabilities of the bootstrap test (4.12) under Hy for different choices of T,N
and M. The data was generated according to model (5.1) with d = 0.2 and different values for ¢.
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0=-09 0=-0.5 0=0 60=0.5 0=0.9

T N M 5% 10% | 5% 10% | 5% 10% | 5% 10% | 5% 10%
Al 128 16 8 .072 116 | .054 .107 | .041 .085 | .044 .088 | .077 .123
A2 128 8 16 .068 .122 | .0564 .112 | .059 .125 | .073 .117 | .070 .133
Bl 256 32 8 .045 .100 | .060 .101 | .041 .081 | .042 .082 | .036 .084
B2 256 16 16 .053 .096 | .058 .104 | .045 .094 | .045 .102 | .060 .104
B3 256 8 32 .064 .123 | .067 .113 | .049 .101 | .042 .092 | .061 .130
C1 512 64 8 .043 .089 | .043 .095 | .044 .086 | .045 .088 | .041 .095
C2 512 32 16 .046  .109 | .067 .112 | .052 .093 | .051 .096 | .043 .086
C3 512 16 32 .048 .099 | .065 .095 | .062 .114 | .050 .102 | .051 .098
C4 | 512 8 64 .038 .097 | .065 .100 | .047 .100 | .046 .093 | .042 .092
D1 | 1024 128 8 .053 .103 | .060 .099 | .0561 .099 | .071 .118 | .044 .094
D2 | 1024 64 16 .044 100 | .062 .124 | .048 .090 | .068 .119 | .042 .093
D3 | 1024 32 32 .053 .107 | .064 .116 | .044 .082 | .045 .094 | .043 .098
D4 | 1024 16 64 .044 .096 | .038 .084 | .042 .093 | .045 .087 | .042 .087
D5 | 1024 8 128 | .049 .109 | .042 .085 | .054 .109 | .048 .083 | .042 .096

Table 3: Rejection probabilities of the bootstrap test (4.12) under Hy for different choices of T,N
and M. The data was generated according to model (5.2) with d = 0.1 and different values for 6.

0=-0.9 0=-0.5 0=0 0=0.5 0=0.9

T N M 5% 10% 5% 10% | 5% 10% | 5% 10% | 5% 10%
Al 128 16 8 .068 .112 | .060 .103 | .030 .081 | .060 .108 | .053 .111
A2 128 8 16 .060 .117 | .0561 .103 | .061 .110 | .062 .114 | .068 .117
B1 256 32 8 .059 122 | .048 .102 | .045 .094 | .038 .078 | .040 .083
B2 256 16 16 .053  .109 | .041 .095 | .047 .093 | .040 .080 | .048 .091
B3 256 8 32 .060 .100 | .048 .098 | .057 .119 | .050 .092 | .061 .106
C1 512 64 8 .059 110 | .064 .122 | .052 .099 | .056 .099 | .055 .101
C2 512 32 16 .060 .122 | .044 .107 | .041 .103 | .043 .113 | .046 .086
C3 512 16 32 .061 .116 | .056  .122 | .049 .089 | .046 .088 | .052 .099
C4 512 8 64 .056  .095 | .067 .118 | .057 .110 | .047 .100 | .055 .102
D1 | 1024 128 8 .063 .125 | .054 .102 | .039 .086 | .044 .101 | .051 .098
D2 | 1024 64 16 .0561  .109 | .061 .112 | .047 .107 | .056 .106 | .047  .100
D3 | 1024 32 32 .055 .092 | .057 .111 | .048 .095 | .057 .106 | .047 .119
D4 | 1024 16 64 .065 .124 | .061 .116 | .043 .092 | .048 .087 | .049 .098
D5 | 1024 8 128 | .059 .116 | .052 .095 | .049 .093 | .035 .075 | .050 .115

Table 4: Rejection probabilities of the bootstrap test (4.12) under Hy for different choices of T,N
and M. The data was generated according to model (5.2) with d = 0.2 and different values for 6.
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Figure 2:  Power of the test (4.12) and the Kolmogorov-Smirnov test of Preuf$ and Vetter (2012)
at 5% level for the model (5.3) under the scenarios A1-D5 from Table 1.
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Figure 3: Power of the test (4.12) and the Kolmogorov-Smirnov test of Preuf$ and Vetter (2012)
at 5% level for the model (5.4) under the scenarios A1-D5 from Table 1.
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6 Appendix: technical details

In the following, we will state two results which will be central for the proof of the statements in

Sections 3 and 4.

Theorem 6.1. If Assumption 2.1 is satisfied with ds < 1/4, the following statements are correct.

L - 1
% E((Fir, For)') = (Pur, Far +dvr)' + Cr + O(m)’

where the vector Cp € R? is of order O(N?/T? 4+ log(N)/(MN=4<)) . In particular, this

term vanishes if the functions ¥;(u) are independent of u for alll € Z.

b) COV((FLT, FZT)T> = 2’1’ + O(T, doo),
where
IOg(N) N2 N2+4doo
0T ) = O(i5ag) + O+~ Lsnct))

and St is the same as the matriz X in (3.3) except that the integral fol is replaced by ﬁ Zj\il
c) If dow < 1/8 and ly,ls € INg with 1y + ls > 3, then we have
cum(ﬁFLle, \/Tﬁ'g;plg) = O(T“‘#)(l—Sdoo))’
where 1;; € IR denotes a vector containing merely ones (i = 1,2).

It follows by the same arguments as given in Section 4 of Preufl and Vetter (2012), that there exist

parameters 1/31’,) such that the bootstrap process X; ', defined in (4.7) can be represented as

o0
Xip =Y dipZ;y, (6.1)
=0

where Z; are the innovations from part 2) of the bootstrap description. We now assume that the

null hypothesis (3.5) holds, and consider the process

o0
tT2 = szZéil, (6.2)
=0

where the coefficients ¢, = ;(u) are the coefficients in (2.10). We then define ﬁ%g as D2 in
(2.18) whereby the random variables X;  are replaced by X/ 7.,. The next theorem shows that the

random variable D?p* can be approximated by ﬁ%g

Theorem 6.2. Let a > 0 be fired and denote with Ap(a) the event where |d — d| < a/4. If
Assumption 2.1 and the inequality

og(T)%/?

4
n —max(d 1
by p — |1 mx(dD) < cP T vie IN (6.3)

are satisfied, then
a) E((ﬁ%* _ ﬁ%’;)lAT(a)) — O(p4 1Og(T)3/2N4d_1+aT—1/2>7

b) Var((D%* — ﬁ%,Z)lAT(a)> = O<p8 log(T)3log(N)2NmaX(84_1’0)+2°‘T_2>.
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6.1 Proof of Theorem 6.1:

Proof of part a): We define t; :=t; — N/2 + 1, &l(ujJD) = ¢l<£j;p), Zap = Za—Nj241+b and
write similar to Dette et al. (2011b)

| M 15 L M 15
ElFr] = E(TZ IN(“jaAk,Ny) = §E<TZ IN(Uj,)\k:,N)2)
7j=1k=1 j=1 k:_L%J
1 M L%J 1 N—-1 0o
= —i(p—q+r—s)Ag, N
o7 2 GiNE 2. 2. ©
j=1 k:_LT—lj p,q,7,5=0 l,m,n,0=0

Vi 11040 V4T Vi 46, 1,08 2t p-1205,0-m 2t -2t 5]
1 2
= Eyr+ ENr+ Ang + BN,

15 N-1

where we use the notation
1 I 1
ENr = 55 X ) g g O
2T 4 (27N)
p,q,7,5=0l,m,n,0=0

(E[th ,p—thj,qu]E[th,rfnth,sfo] + E[th ,p—thj,sfo]E[th,quth,rfn])7

| M L5 ) N-1
Eyr =350, D, e > Z Wr ()W (1) thn (1) 8o (115
j:lk:,L¥ p,q,7,5=01,m,n,0=0
€ (p=atr s))\kNE[Zt D thj,r n] [Zt],q mZth o]
| M B
r—s)A
AN,T = 272 27TN Z Z ip—a+ ) kN]E[Zt p— th]q mZt = nZtJ,s o]

Tj=1k:_L *1J »,q,7,5=0 l,m,n,0=0
{(91(3) = 00(05) ) o (5. 2o 5+ 5) (P (5.) = i (45) ) i o)
()b (1) (D) = o (115) ) o) + (2t )om (03 )0 (03) (o) = (1)) §.
M 1 N-1 00 .
Byr = oT Z W Z Z e_l(p_q+T_S)>\k’NE[th,p—thj,quth,rfnth,sfo]

p,q,7,5=0l,m,n,0=0
{ (¢Ej+p’T’l a lZ}l(uj’p))@Z}m(uj’q)z’;n () o) + Vij4p 1 (¢£j+q,T,m - 1zﬂl(“qu)%z)n ()P0 (uj,6)
+wt~j+P»Tvlwt~j+q,T7m <wt~j+TvTﬂ - 1;"(“%7’))1;0(“178) + ij+p,T,l¢£j+q,T,m1/’£j+r,T,n <¢£j+s,T,o - T/Njo(uj,s)) }

Note that By, corresponds to the error which occurs if the coefficients 1, 1; are replaced by ¢ (t/T)
and that Ay 7 contains the approximation error of ¢;(¢t/T") through ;(t;/T) with t; denoting the
midpoint of the j-th block. The following four statements conclude the proof for E[FLT]

M
1 T 1
1 E : 20w ___
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Eyr = O (L) (6.5)

N1-4de
s = o) oK) on
Byt = O(;)' (6.7)

Proof of (6.4): Without loss of generality, we only consider the first summand in EJIV,T' Due to
the independence of the random variables Z;, we obtain that only those terms contribute to the
sum where the conditions 0 <p=g+l—-m< N —-1land 0<r=s+n—0<N —1 are satisfied,
which implies the inequality max{|l — m/|,|n — o]} < N — 1. Thus, the first term in E}V,T can be
expressed as

3T Z @xN)? Z W1 () (10 )thn (1) 4bo (11 ) e~ 0P M
j=1 k=—| 71J l,m,n,0=0
2 [l—m|<N-1
In—o|<N-1

X(N = |l =m[)(N —|n o)

o0

1 &Ll 1
= o2 2 G 2 Yi()um () () o(u) (N — [ = m)(N —[n —o])
T
|[n—o|<N-—1
l—m+n—o=hN

where we used the well known identity

' N if r = Nh for some h € Z
Z exp(—iAg NT) = (6.8)
_ 0 else,

[note that we only have to consider three possible values of h since max{|l — m|,|n —o|} < N —1].

It is easy to see that

1 ol 1 1 1
Exr=Enro+ Enri+Enret ENnrs

where
1 1 - 1 = 2
Biro = i o 2o i) bn(u)vn(u)o(u) - Z f wj, A) X,
=1 l,m,n,0=0
! l—m+n—o0=0
1 M 1 00
Enri = N2 >N > () () () o (uys) (6.9)
j=1h=-1 [,m,n,0=0
ll—m|<N—1
[In—o|<N-1
l—m+n—o=hN
X(=N|l —=m|— N|n —o| + |l = ml|n — o|),
M [e's)
1
ENre = 970 2o 2 i) m(u)vn(uy)vo(uy), (6.10)
j=1he{-1,1} I;mmn,0=0
[l—m|<N-1
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o0

M

Enrs = MZ > u(ug)tm ()t (1)t (1) (6.11)

7=1 I,m,n,0=0

N<|l—m]|

N<|n—o|

l—m+n—o0=0

In order to complete the proof of (6.4), it therefore suffices to demonstrate that the last three
expressions are of order O(m) We commence with (6.9). Setting o =1—m+n—hN >0

and using (2.4), it follows that there exists a constant C' € IR such that

1 1 1 |l —m — hN]|
ENTl < MN lehzl l Z ) [1=doo ml=doo pl=doo (| —m +n — AN )14 (6.12)
=— ,m,n=

1<|l—m—hN|<N-1
1<l—m+n—hN
(note that all terms where one of the variables [, m,n or | — m + n — hN vanishes are of smaller
or the same order). This argument will be employed continuously throughout this proof without
mentioning it explicitly. Note that the summand |l—m/| does not occur in the numerator of the above
expression due to the symmetry of || —m| and |n— ol in (6.9), and that C € IR" denotes a universal
constant throughout the whole proof. Setting z :=—m—hN, we obtain |z| = |[[—-m—hN| < N—1

and the expression on the right hand side of (6.12) can be written as

DD YD 1 T
1—doo yl—doo nl—deo 1—deo
N h=-1 z€Z mn=1 (z +m+ hN) m n (n + Z)
1<|2|<N—-11<z+m+hN
1<n+z
™2 1 Bl 1 1
Z Z |z+hN|1 2doo N N1- 2doo Z Z |z—|—hN|1_2d°<> N N1-4ds’
h——l h=-1 2€Z
1<z |<N 1 1<|z|<N—-1

where a, <

~

(6.8), (7.2) and similar arguments, we obtain that (6.10) is bounded by

b, means that a, /b, is bounded by some finite constant for all n € IN. By using (2.4),

(T),(7.2)  q

\|<N1

and since (6.11) is shown analogously, we therefore conclude the proof of (6.4).
Proof of (6.5): The result follows by similar arguments as used in the treatment of (6.9)—(6.11).

Proof of (6.6): Without loss of generality, we only consider the first summand and replace

Do (.0 )P (W5 )0 (Ug.5) DY m (1)80n (u;)0(u;) [the error due to this replacement is negligible,

)T , at a later stage of this proof].

which follows by analogous arguments as given for the term Ag\,
Due to the independence of the random variables Z;, we obtain the sum of three terms [compare

the definition of EY, 1. for the first two summands and the definition of EJQ\LT for the third one] and
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we restrict ourselves to the first one, i.e. we only consider

M
ANT1 = %Z (27r Z Z i(p—q+r—5)Ak,N

jzlk:_LT_lJ pqrs =01,m,n,0=0

Bl Zt,.p-1 1, a-mlB {2ty -0 Zay o) (1(3.0) = 1(245) ) (030 11 5.

15]

Using a Taylor expansion, we can write

i) — ta(ug) = g ) (TR ELERY ¥ ) (2N LD

with n,;, € (uj — N/(2T),u; + N/(2T')), and therefore Ay 7, splits into two terms which will be
denoted by A%’)TJ and A%?TJ in the following discussion. We start with the treatment of the first
summand. Employing the independence of the innovations we obtain that the indices corresponding
to non vanishing terms must satisfy ¢ = p+m — [ and n = o+ r — s. Applying (6.8) afterwards
yields 0 <m =1+r—s—hN with h € {—1,0,1} and this combined with (2.4) and (2.6) implies

e <1i:§: 55 log(1) 1 1 1
N,T1 ~ N2 5 ! [1—deo (l +r—5— hN)l_doo (0+ r— S)l—doo ol—doo
1<o+r—s

1<l4+r—s—hN
0<|r—s—hN|<N-1

’ %f (—Nﬂ+1+pﬂ
—=—5)|
p=0
0<p+r—s—hN<N—1

We restrict ourselves to the cases |[r — s| > 1 and |r — s — hN| > 1 since the remaining terms are

of smaller order. A straightforward calculation yields

N-1
—Nﬂ+1+p‘
Z = (6.13)
IEEE
0<p+q<N-1
N _(Nlgl (N —la])lg|
= o7 X 1{q:0} +m1n< T T O(1) x 1{1§|q|§N—1} (6.14)

and by using the second summand it follows that AE\?T’I is bounded by

1 N-1 00
T—do o T—dos —icas imas [T~ 8 — hi|
NT 5 et l (l+7r—s—hN) (o+71—25) 0
1<o+r—s
1<l4+r—s—hN
1<|r—s—hN|<N-1
N-1 0o
~ N1-2deT (0—!—7“—8)1 —doo ol— doo N N1- 2dOQT |7a S|1 2dos ~ NfN1—4d

r,5=0 1<0T_1 r,s=0

o+r—s

where we used Lemma 7.1¢) and 7.1b) for the first and second inequality, respectively. Next, we
show that A%)T | is of order O(N?T~2), and for this reason we choose € > 0 such that 1—4ds,—¢ > 0.
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Using (2.4), (2.6), (2.7) and h € {—1,0, 1}, the claim then follows by a further application of Lemma
7.1b)

o0

log“(1) 1 1 1
N2 T;O loz_l [T=doo (41 —5—hN)l=do (041 — 5)l7doo gl=deo
7 1§7o+_rfs
1<l4+r—s—hN

N-1

" Z (—N/2;1+p>2

p=0
0<p+r—s—hN<N-1

N 1 1 1 1
<
~ T2 TSZO loz_l [1mdeo=€ (] 4+ 7 — s — hN)1=do (0 + 1 — 5)1—deo gl —doo
7 1<o+r—s
1<l+r—s—hN

2
- NS Z 1 <N
~ T2 gt ’7, — 5 — hN‘l 2doo—¢ ’7’ _ 8‘1 2doc ™~ T2
Proof of (6.7): The statement follows from (2.3) and similar arguments as given in the proofs of
(6.4) and (6.6).

In order to proof the assertion for F27T, one proceeds in the same way and the details are omitted
for the sake of brevity. However it turns out that the expression corresponding to E]2V7T does not

vanish in this case and there appears an additional bias, which will be denoted by dn 7.

Proof of part b) We restrict ourselves to the proof of

LM £ 5 Mg
Var(F1 T *V&l‘( Z IN(UJ',)\hN)z) = ;m
j=1 k:,L;lJ j=1

2

FHuj, \)dX+ O(T, doo)

—T

and recall the definition of the remainder

10g N N2 ]\[24r4dC><>
O(T doc) = O(Nl—é(?doo)T> * O<7 T 1{%Sdm<i})‘

All other statements can be verified completely analogously and the details are omitted. By com-

bining the arguments from the proof of part a) and from Dette et al. (2011b), we obtain that

M 5]
Vaf(% ) In(uj Av)?) = 32V () + 8V (") + O(T, dov),

I ke | 2

,_
N4
i

where
N—-1 N—-1 00 00

e = & S SESTEDSHEED NN VRN S

J1:52=1 oy kp=—| 1| P1,41,71,81=0 p2,g2,r2,52=0 v1,w1,21,y1=0 v2,Ww2,22,y2=0
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wvl (uj1 )ww1 (ujl )djffl (ujl )¢y1 (ujl )¢v2 (uj2 )ww2 (ujz )wm (ujz )wyz (ujz)

e—i(pl—th-‘rﬁ —51)Aky e—i(pQ—q2+T2—82)/\k2

E[thl ,P1—v1 thl ,q1—w1]E[th1 T1—T1 th2 7P2—v2]E[th1 ,»S51—Y1 th2 7Q2—w2]E[Zt,72 2= T2 thg 782—?/2]

w\z

N-1 N-1 00 00

V*(VN) = T2 Z Z (27r1N)4 Z Z Z Z

J1,52=1 oy ko =—| 1| P1,41,71,51=0 p2,q2,72,52=0 v1,w1,21,y1=0 v2,Ww2,22,y2=0

Yoy (uj, )u, (ujl ), (ujl )T/}m () v, (Wsy) 1w, (uj2 iy (g, )y, (ujQ)

e~ iP1—qit+ri—s1) Ak o—i(p2—g2+r2— Sz)AkQE[Zt

j1P1—V1 th2 7p2—v2]E[th1 T1—T1 th2 ,7"2—962]

E[thl g1 —wi thQ ,Q2*w2]E[th1 ,S1—Y1 th2 732*112] :

We start with V*(l//). Because of the independence of the random variables Z;, the restrictions
P1=q+vi—wi, p2 =r1+va—21+(J1—J2)N, @@ = s1 +wa—y1 + (j1 —j2)N and s = ro+y2 — 22
are necessary for a non vanishing term. Consider hi, he € {—1,0,1} and sum over kj, ko by using
(6.8). Then, V*(v/') can be written as

M L%J 1 N—-1 00 o)

s N

SEEEDS SO DS >
J1:02=1 kg kg =—| & 1j q1,71,81,r2=0  v1,w1,21,y1=0 v2,w2,T2,y2=0

0<gi+vi—wi<N-10<r1+ve—21+(j1—j2 ) NN -1
0<s14+w2—y1+(j1—j2) N<N—1
0<ro+y2—z2<N—-1

¢v1 (ujl )wwl (uj1 )wm (ujl )wyl (ujl )1/}112 (ujz )wwz (uj2 )wmz (uj2 )wyz (ujQ)

*1(111 —wi1+7r1 *51))\)91 6*7;(7"1 +vg—x1—s1—w2+y1 —y2+2) Ay

N-1 0o 00
j1,]2 1h1,h2—71 ) r1,s1=0 v1,w1,21,Yy1=0 v2,w2,x2,y2=0

v1—w1+r1—s1=h1 N ri+v2—x1—s1 —w2+y1 —y2+x2=ha N
0<|vy —w1 |[<N—1 0<r1+va—x14+(j1—j2) NN -1
0<s14+wa—y1+(j1—j2) N<N-1
0<|yz—z2|<N-1

¢v1 (ujl )Q/le (uj1 )qr/jﬁl (ujl )d}yl (uj1 )¢v2 (U]’Q)Q/JU,Q (ujz )d}mz (uj2)wy2 (ujZ)

(N? = Nlyz — 2| = N|vp — wi| + o1 — wilyz — 22]).
An application of (2.4) yields similar to the proof of part a) that the above expression is of order
O(jr=tazr ), if

(i) hi,he € {—1,1} [compare (6.10)],

(ii) j1 # jo [we prove this claim in Lemma 7.2 in the appendix since this kind of restriction did

not occur in the proof of part a)],
(iii) we drop —Nlya — x| — N|v1 — wi| + |v1 — wi|y2 — 22| [compare (6.9)],

(iv) we drop 0 < |v; —wi| < N —1and 0 < |y2 — 22| < N — 1 [compare (6.11)],
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(v) wedrop 0 <ri4+vy—x1+ (j1 —j2)N<N—-1Tand 0 < sy +wo—y1 + (j1 —j2)N <N -1
[compare (6.9)].

By rearranging the equation v1 —w; +7r1 —s1=0t0o 0 < s1 =r1 +v; —w; < N — 1, it follows

o0

V*(V):M2N2Z 271'42 Z Z

J1=1 r1=0  vi,w1,21,y1=0 v2,w2,72,y2=0
0<ri+wvi—wi1 <N—1wi—vi+v2—z1—w2+y1 —y2+x2=0

¢v1 (ujl )wwl (ujl )1/)961 (ujl )¢y1 (uh )wvz (ujl )¢w2 (ujl )wxz (ujl )wyz (ujl ) + O(T’ dOO)

M o) 00
DIy >
 M2N 4 (2m)4
Ji=1 v1,w1,71,Y1=0 v2,w2,T2,y2=0

w1 —v1+v2—w2+y1 —r1+x2—y2=0

%1 (ujl )wuu (ujl )1/)961 (u]i )¢y1 (uh )d’vz (ujl )¢w2 (ujl )wﬂtz (uj1 )wyz (ujl ) + O(Ta dOO)

— 4
= TM%Z " Ao N) dA + O(T, o).

1=

By using the same techniques as in V*(¢/'), we obtain

N—-1 o) 00
Vi) = Z Z > > >
M2 27TN
J1= 1h1*—1 q2,72,52=0 v1,w1,21,Y1=0 v2,w2,72,y2=0
0<q2—ra2+s2+hi N<N—-1 v1 —v2+tw2—wi+r1—r2+y2—y1=0

wvl (ujl )¢w1 (uj1 )wﬂ?l (ujl )wy1 (ujl )ww (ujl )¢w2 (ujl )wm (uj1 )¢y2 (uj1 ) + O(T7 dOO)'

Note that, in contrast to the term V*(v'), the cases where h; € {—1,1} do not vanish. In fact,
using the three equalities

N-1 9 N-1 1
Y. =3N o, 3 = NP O(NV?),
q2,r2,52=0 q2,72,52=0
0<g2—r2+52<N—-1 0<ga—ro+s2+N<N—1
N—-1 1
> = VPO
q2,72,52=0
0<g2—ra+s2—N<N—-1
we deduce
M 00 00
" 2 1 1 1 1
) = (e
) =(3*+5+% M2N2(27r)4 2 2
Jji1=1 v1,w1,21,y1=0 v2,w2,T2,y2=0

v —v2twe—wi1+x1 —x2+y2—y1=0

Vo (g )V (Wjy )Py (g )y, (W, )y (W) ) Vs (W, )y (g, )0y, (u,) + O(T, deo)

M
11 i
= g D FHuj, A) dXA + O(T, doy). (6.15)
j

Proof of part ¢) Exemplarily we consider the case ls = 0 and [ := [; > 3. The other cases can be
treated similarly with an additional amount of notation. Following the same lines as in the proof of

Theorem 3.1 in Dette et al. (2011a), it is sufficient to choose an arbitrary indecomposable partition
{ (Ztil ,a1 =1 ZtiQ ,a2—w1)a (ZtiS,as—wl Zti4 ,a4—Y1 )7 ) (Zt@u,l ,a41—1—T] Zti4l ,a41 =Yl ) }
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of the table

th17p1—91 th17Q1—m1 thl,ﬁ—m th1751—01

(6.16)
thppl—gz thlm—ml thlﬂ"l—nz thl,sl—oz

[see Brillinger (1981)] and to treat the term

M L%J 00

20 ST SHD SIND VI >

J1senq1=1 kh_,,,kl:_L%J P1,..-,81=0v1,w1,21,y1=0 v, w1,y =0

&01 (ujl D1 )&wl (ujl 41 )77211 (uj1 )71 )@Lyl (ujl )51 )12112 (ujz \D2 )&wg (uj2,Q2 )@Zrz (ujz,rz )&yz (Ujg,sz)

1[}7)1 (ujlvpl)'l;wl (ujl7QZ)1/~}1'l (ujlﬂ”l)lzyz (ujhsz)eii(pliqﬁrh 781)/\161 e e_i(pl_ql—’_rl_ﬂ))\kl

E[Ztil ,01—V1 ZtiQ ,az—w1]E[Zti3 ,a3—T1 Zti4 ,a4—y1]E[Zti5 ,05 =2 Zti()- 7(16_11)2]E[Zti7 ,47 T2 Ztis ,as—yz]

E[Z, Zy |E[Z, Zy

iy 71141*3/1]

ig1_5:0a1—3 =V Htiy o041 2—Wy i4p_1:041—1—T]
With{al,ag ...,(14[} S {pl,... ,Pi,q1, - - - ,ql,Tl,...,T’l,Sl,...,Sl}, a; 75 Qj for i 75], {il,ig,.. . ,’i4l} S
{j1,J2,--- 71}, and [{i1,d2,...,ig4}| = I. We now discuss the conditions which yield a contribution

different from 0 in this sum. Note that some of the 7, are equal to each other and we will therefore

write ji, ..., j; for the [ different values and consider 7 as a function depending on ji, ..., 5;. Using

the independence of the random variables Z; and summing with respect to ki, ..., k;, the conditions
A4mt1 — dm42 + Wit 1 — Umg1 + (lame1 — Game2) N =0 form =0,...,0 -1,  (6.17)
A4m+3 — Cam+4 + Yms1 — Tmt1 + (l4ms3 — lamgpa) N =0 form=0,...,01 -1,  (6.18)
pi—qi+ri—s;=h;Nfori=1,2,...,l and h; € {—1,0,1} (6.19)

follow. Rearranging the equations in (6.19) for a variable and plugging them into the | equations
(6.17) (where in every equation only one variable is replaced) yields, due to the indecomposability

of the partition and vyp,11, Tma1 > 0, that the conditions

(1) 0<wvy=a1—as+ a3 — as +wy + (41 —i2 + h1)N,
(2) 0 <wy =ay—ag+ ag — aio +wa + (is — i6 + ha) N,

() 0 < v = ag1—5 — Gpl—a + Ag1—3 — Qg2 + Wy + (Ta—3 — ta—2 + hy) N,
(l+1) 0<z=a5—as+y1+ (i3 —ia)N,
(I+2) 0<zy=a11—ai2+y2+ (i —ig)N,

(6.20)

(2l)  0<uz=ag-1— ae + Y + (ta1—1 —ia)N
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must hold, where {ay,as,...,ag} € {p1,-..,s} and |{a1,az,...,aa}| = 3l. By employing (2.4),
we can bound the above expression up to a constant by

1 Ts M 1 N-1
ANT 22X

Jisesgi=lhi,...h=—1ai,..,a6=0

[oe) o
o wipi=l ~ ~ ~ Cwpy=l .
a1 —as+az—astwi+(i1—ie+h1)N>21  ag_5—ae—a+a6—3—ag1—2+wi+(ig—3—ig_o+h)N>1
G5 —ag+y1+(iz—ia) N>1 Gg1—1—a6+yi+ (a1 —14)N>1
1 1 1 1
(dl — a9+ az — aq4 +wi + (il — 19+ h1)N)1_d°° w%_doo (&5 —ag+y1 + (ig — i4)N)1_d°° y%‘do@
1 1 1 1

(a7 — ag + g — G1o + w2 + (i5 — ig + ho) N)1 7o gl =do (G171 — Q12 + y2 + (i7 — ig) V)17 dee g =doo

1 1
(G61—5 — Ggr—a + G61—3 — Ge1—2 + Wi + (413 — Gar—a + hy) N )17 oo g ~doe
1 1
(Go1—1 — o1 + Y1 + (i1 — dgg) V)1 oo ylmdoc”

Using Lemma 7.1b) in the appendix, this term can be (up to a constant) bounded by

1 M 1 N-1 N-1
1 Tz
ANE 2 2 >, = >,
Jiseoi=lhy,p==1 a1,a2,..,46=0 a6l—5,061—4,--+,061=0
|a1—az+az—as+(i1—i2+h1)N[>1  |ag_5—Ge—atadei—3—aei—2+(iai—3—ia—2+h))N|>1
las—ae+(i3—ia) N|>1 laer—1—ae;+(ia1—1—141)N|>1

1 1

|G1 — @o + a3 — da + (i1 — i + h1) N|172d |@5 — ag + (ig — i4) N |17 2do0
1 1

’d7 —ag+ ag — aig + (i5 — i + hQ)N|1_2d°° |d11 —aijo + (i7 — ig)N’l_Zdw

1 1
|agi—5 — Qgi—a + Ggi—3 — Ggi—2 + (taj—g — tag—2 + hy) N|1 724 |ag_1 — ag + (g1—1 — dag) N |1 724"

We now assume without loss of generality that

A6m+1 — A6m+2 + A6m+3 — em+4 + (tam+1 — Gam+y2 + Rmy1)N > 1,

A6m+5 — G6m+6 + (tam+3 — Gamya) N > 1 (6.21)

holds for m = 0,1,2,...,l—1 (the more general case follows analogously with an additional amount
of notation). In this case the absolute values in the above expression can be skipped. It follows,
as in Dette et al. (2011a), that the conditions on the @; imply that, if 4; is chosen, there are only

finitely many possible choices for ig, k = 2,...,1. Thus it suffices to consider the following sum

12 N-1 N-1
1 T2
Mi-1 N2l Z o Z
_ _a1,d2,...,a6=0 a61—5,061—4;--»061=0
a1—a2+a3—as+C1N>1  Gg_5—ae—a+a6—3—ade—2+CIN>1
as—ag+Cr1 N>1 ag—1—ag+Co N>1
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1 1
(a1 — ag + as — as + C1N)1 =20 (a5 — ag + Cppqg N )1 2deo
1 1
(a7 — ag + ag — a0 + CoN)1=2d (ay) — a1 + Cgo N )1~ 2deo

1 1
(G61—5 — Gp1—a + Ggi—3 — Gg1—2 + CIN )1 72 (ag_1 — ag + Coy N )12

with Cy,Cq,...,Cr € {—1,0..., M} and Cj41,Ciya,...,Coy € {0,1..., M — 1} (because of (6.21)
and a; € {0,1,2,..., N — 1} there are no other possible values for C;). We remind that (due to
the indecomposability of the partition) the 2I-fractions inside the addend are hooked. This means
that for two different fractions there exists a chain of fractions (starting with the first considered
fraction and ending with the second one), such that in every element of the chain there exists at
least one element a; which also occurs in the consecutive fraction. We will perform a summation
in a particular way and in order to illustrate this, we consider the first two fractions and assume

that a; and ag are (up to a the algebraic sign) the same. We distinguish two cases.

(i) If a1 = ae, we obtain from Lemma 7.1a) that

N-1

> : :
= (dl — a9+ a3z — a4 + ClN)1_2d°° (6~L5 —ag + Cl+1N)1_2d°°
1=
a1—az+az—as+C1N>1
as—ag+Ci 1 N>1

1
< 6.22
~ (—ag2+as — aqg + as + (Cy 4 Cjyq)N)1—4deo ( )
T2d°°
< (6.23)

(—&2 +as — a4 + as + (Cl + CZ_H)N)l_deO '

Furthermore we have —ag+as — a4+ as + (C1+ Ci+1)N > 2 which follows from the conditions
a1 —as +az —ag+ C1N > 1 and C~L5—C~lﬁ+0l+1N:L~l5—C~L1—|—C[+1NZ 1.

(ii) If a1 = —ag and —ag + a3 — asa — as + (C1 — Cj41)N # 0, it follows from Lemma 7.1b) that

N-1

> 1 1
=0 (&1 — a9+ a3z — a4 + ClN)1_2d°° (C~L5 —ag + Cl+1N)1_2d°C
1=
a1—az+az—as+C1N>1
as—as+Cr1 N>1

1

< 6.24

~ | —ag+az — ag — as + (C1 — Cpqq ) N|1—4deo (6.24)
T2doo

< . (6.25)

~ ’ —ag +asz— a4 —as + (Cl — Cl+1)N|1_2d°°

In both cases, it is possible that variables cancel out, for example if a4 = a5 and az = a5 in the
first and second case, respectively. We apply (6.22)—(6.25) in total 2] — 2-times. In the first 21 — 4-
applications, we use (6.23) and (6.25) (depending on the algebraic sign of the variable which appears
in both fractions) and in the (21 — 3)th and (2] — 2)th application we employ (6.22) and (6.24).

We furthermore assume that h variables cancel out while utilizing these inequalities. Afterwards
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3l — (2l —2) — h = I + 2 — h variables remain with 0 < h < [, namely ag_1, ag; and | — h other
variables with values in {0,1,2,..., N — 1}. Denoting these [ — h variables with by,ba, ..., b_p we

obtain
1 N—-1 N-1
1 T2
lel N2l Z T Z
_ _a1,82,.,a86=0 a61—5,061—4,---,061=0
a1—a2+a3—a4+C1N>1 a5 _5—a6 4+ —3—de—2+CIN>1
as—ae+Cp1N>1 agi—1—ag+Coy N>1
1 1
(&1 — a9+ az — aq + ClN)l_Qd‘X’ <C~l5 —ag + Cl+1N)1_2d°°
1 1
(a7 — as + ag — aio + CoN)172d (a1 — agg + CpyaN)1-2d
1 1
(G61—5 — Gg1—a + g1—3 — Agi—2 + CYN) =24 (ag_y — ag + Coy N )1~ 2deo
1 N—-1 N-1
1 T2
SR> >
~ Ml—l N2l
agi—1,a6;=0 b1,b2,...,bj_p=0

G611 —G61 T OuUNZ1 1< ag) g —ag+3 12 (—1) 9 20,4525 (—-1)* C;N|

Nh(21—4)2d 1
i1 — o + Yo (~1)802b; + 355 (~ 1)k Oy N -6 (@i — ot + O N) =2

with some k; € {0,1}. We first consider the case h = [. If E?l:_ll(—l)ijjN =0and Cy =0, it

follows that the above term equals

1 T NiT(2—4)2de N-1 1 _ 1 T35 NHITQRI-4)2d0
Ml—l N2l ; ~ (a()‘l—l _&61)2—81100 ~ Ml—l NQZ
ag1—1,061=0
1<ag;—1—ae

_ p(-4)(1-8dec).

If |Z?l:_11(—1)kj CiN| > 1 or Cy = 1, we apply Lemma 7.1a) and b) in order to obtain the same
upper bound (it can be shown that, in this case, there appears an additional factor N1=8%< in the
denominator, so the corresponding term is, in fact, of smaller order). The same upper bound holds

for h <[l -—1. O

6.2 Proof of Remark 3.6:

If we replace FLT by the corresponding integrated version FLT = ﬁ Zj\il ffﬁ In(uj, A\)%d), the
derivation of the asymptotic variance can be carried out almost analogously as in the proof of
Theorem 6.1b) except that the term, where the variable h; in V*(v”) equals —1 or 1, does not
occur, because for the integrated version one can use

1 ™ 1 ifr=0,

— exp(—iAr)d\ = (6.26)
21 Jon 0 else,

(for r € Z) instead of (6.8). Therefore, in the integrated case, we obtain

2 1 L 1 1 > >
V* " _ Z
(V ) 3M2N Z (471')2 (271.)2 Z Z
Jji=1 v1,w1,71,Yy1=0 v2,w2,T2,y2=0

v1 —v2twe—wi+r1—xr2+y2—y1=0
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wvl (uj1 )wuu (ujl )wml (ujl )¢y1 (ujl )2/}1,2 (ujl )ww2 (ujl )wxz (ujl )wyz (ujd ) + O(Tv dOO)

21 1 & g
= gTMST( E f4(ujl7)‘)d)‘+O(T7dOO)
a=1""-7

instead of (6.15) and we recall that the order O(T, dw) is defined in (6.1). This yields that the
asymptotic variance of VTF 1,7 18 %—i i fﬁ fol f*(u, \)dud) and does not coincide with the asymptotic
variance of ﬁﬁLT.

6.3 Proof of Theorem 6.2:

Proof of part a): We define FfiT and Fl*’TQ as FLT where the observed data X; r are replaced
by X/ and X{r,, respectively. By using (6.1) and writing I3 (u, A) for the bootstrap analogue of
In(u, ), we then get

53

M
. . 1
E((FI,T - F1,T,2)1AT(a)|X1,T, o X)) = 57 Z

(2 Z Z i(p—gq+r—s) g, N
7T

]:1k=—LN;1J pqrs 01,m,n,0=0

wl,m,n,o,plAT(a)E[Zz;,pleti-,q mZ: = nZt* 85— o]
[compare the first set of equalities in the proof of Theorem 6.1 a)], where zﬁlm,n’o,p = @@Lpz;m,pd}mp@[)o,p—

V1 Ymn. By using the decomposition

Q;Z)l,m,n,o,p = (&l,p - d}l)qﬁm,pqz)n,p'@;o,p + ¢l('¢;m,p - ¢m)1&n,p7;;o,p
+¢l¢m (&n,p - @Z)n)&o,p + ¢l¢m¢n ('(Z}o,p - %)

the above expression splits into four terms and for the sake of brevity we only consider the first

one. The other cases are treated similarly. As in the proof of Theorem 6.1 a) we then obtain terms

E}V*T and E]\;T which are defined as ENT, E]2V7T where the coefficients vy (u;)m (uj)Vm (u;) o (u;)

are replaced by (¢l,p ¢l)¢m7p1/)n,p¢o7p [note that Ay = By, = 0 since the coefficients of the
bootstrap process do not possess any time dependence]. If we employ (6.3) and combine it with
the fact that |[d — d| < o/4 on the set Az(a), we get

[1p — Wi < Cp*log(T)P2T-12)1|*/4 41 vl e IN, (6.27)
which together with (2.4) and the assumptions of the theorem implies
iyl < ClUY/*HEE L p e IN. (6.28)

Note that the coefficients in the MA (oo) representation of the bootstrap processes do not depend

on time and that for such processes we only required

sup [¢y(u)| < ClUI* (6.29)
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in the proof of Theorem 6.1 a) to obtain appropriate bounds for the error. By using (6.27) and
(6.28) instead of (6.29) and similar arguments as given in the proof of Theorem 6.1 a) it follows
that

A

B((F{r — Fpa) g\ Xz, o Xo) = Fip + 0 (N1 eyt log(T)227-1/2),

where F| . is defined as Fy 7 but with f(u, \) replaced by
o2 >
ﬁ > Pimmopexp(—iA(l —m+n—0)) X Lyy(a).
l,m,n,o0=—o00
Since Fz*T and FQ*’TQ are treated analogously, the claim follows [note that Fl*f cancels out since

the coefficients do not possess any time dependence]. O

Proof of part b): The assertion follows by similar arguments as given in the proof of Theorem
6.1 b) employing (6.27) and (6.28) instead of (6.29) as above. The details are omitted for the sake
of brevity. O

6.4 Proofs of the results in Section 3 and 4:

Proof of Theorem 3.2: The claim follows by employing the Cramér-Wold device in combination
with Theorem 6.1. O

Proof of Theorem 3.4: Similarly to the proof of Theorem 6.1, the two equations

L 1 &, 1
E(7]) = TMZ f (Uj>)\)+0(m>7
=17

Var (72) = O(m)

can be established. By Markov’s inequality the assertion of the theorem follows. O

Proof of Theorem 4.2: We define D%‘Z as f)?{; and ﬁ%a as 15% but with X;r replaced by
X(t/T) from (2.10). Then part a) is obvious, because we have 1 = ¢;(u) for all u € [0, 1] under
the null hypothesis and Z; and Z; are both independent and standard normal distributed. Part
b) follows from the proof of Theorem 6.1, so we focus on part ¢) and d). Note that (2.11) and
Theorem 6.1 a), b) imply

CyN™xB=L0) 7 < Var(Dy, ) /T < Co(N™#*ET10) 4 10g(N)1 gy /8y) /T
which directly yields part d). If we have

P(Ar(a)) =1 asT — oo (6.30)
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for every ao > 0, Part c) follows from Theorem 6.2, (4.8), the conditions on the rate of p(T) if « is
chosen sufficiently small. Finally, (6.30) is a consequence of Lemma 4.3 in Preufl and Vetter (2012).
O

Proof of Theorem 4.3: By employing the triangle inequality we can bound the Mallow metric
between D3./4/Var(D2) and DT /+/Var(D2: ) by

da(D}/\/Var(D2), D}, o)/ Var(D2,,)) + do (D% /\/Var(D2,,), D /[ Var(DF:))
+ds (DF, /o Var(Dy,), D Van (D7) )

[where ﬁ% ., and D%Z are the random variables from Theorem 4.2 specified in the proof of which].
It follows from the proof of Theorem 6.1 that the first summand converges to zero and the second
summand equals zero because of Theorem 4.2 a). So it suffices to treat the third summand which
is bounded by

2, % N2, % N2, Sk 2 N2, 2, 2, 2, 2
E(Dy,/y/Var(Dys) = Dy \/Var(D3)) "+ 2B (D3 /\/Var(D3) — D3/ Var(DF") )
We obtain from Theorem 6.1 a) and b) that a constant L > 0 exists such that
Var(D3*) > LNSd—1p-1 (6.31)

[note the we are under the null hypothesis and that we therefore have do, = d]. This combined
with Theorem 6.2, (6.30) and the conditions on the growth rate on p = p(T') yields that we can

restrict ourselves to the second term, which is [up to the constant 2] bounded by

Var(D g*Di; 2* <\/Var 2* \/Var 2*)

B(D2)?)
o Var(f)%’;)\/ar(f);’*)

Var(D77) — Var(D3"))|.

If we follow the proof of Theorem 6.1 a), b) and employ (6.28) and (6.30), we obtain that
E((ﬁ%*)Z) _ O(log(N)Nmax(8471,0)+2aT71 + N84+2a72) (632)

holds for every fixed a > 0. By employing (6.27) and similar arguments as in the proof of Theorem

6.2 we obtain thereafter
Var(f)%;lAT(a)) . Var(ﬁ%*lAT(a)) _ O(pS 10g(T)3 log(N)Q(Nmax(Sd—l,O)—I—ZoaT—Q + NSd—2+2o¢T—1))'

The assertion then follows with (6.30)-(6.32) and the assumptions on the growth rate of p = p(T').
O
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7 Appendix: Auxiliary Lemmas

Finally we show some lemmas which were employed in the above proofs.

Lemma 7.1. Suppose p,v,a,b € IR. Then there exists a constant C € IR such that the following
holds:

a) If p,v >0 and b > a, then

N-1 b—1
1 1 1 1 C
< < . (7.1)
kZ:O (k—a)t=r (b—k)l-v k;(l (k—a)t=r (b—k)1=v = (b—a)l=rV
k—a>1
—k+b>1
b) If 0 < p,v and 0 < 1 — p — v, then it follows for |a+ b >0
N-1 00
1 1 1 1 C
< < . 7.2
; (k+ b))+ (k—a)t—v — ; (k+ b))+ (k—a)l=v = |la+b|i=rV (72)
k+b>1 k1b>1
k—a>1 k—a>1
¢) If0<v<1l—pandy,z>1, then
oglt) _1__ o loaty) -
facal (k—y) y
Zlog(k+2) 1 log(2)
Z (k + Z)l—u kl-v S Czl—u—u' (74)

k=1
Proof: a) Using equation 3.196(3) in Gradshteyn and Ryzhik (1980), it follows that

b—1

> e RS S
k=1+a (k o a)l_# (b - k)l_y ~Ja (.CU - a)l—u (b - -T)l_y ~ (b — (I)l—H—V‘

b) If a + b > 0 we can bound the middle sum in (7.2) by

i 1 1 - > 1 1
1- —a)l-v — Z 1— _ 41—V
k=max{1,1-b,1+a} (k + b) a (k a) k=1+a (k + b) H (k a)

& 1 1
< dz < .
—/a @+ b) b (@—a) "~ (@t bl

The last inequality follows from the equations 3.196(2) and 3.191(2) [for choosing b = 0] in Grad-
shteyn and Ryzhik (1980). On the other hand, if a + b < 0 we have

i L L i 1 L
k=max{1,1—b,1+a} (k+b)=# (k —a)t= i) (k + b)t=H (k — a)t~v
= i 1 1 < 1
k=1+(—b) (k= (=b)# (k+ (=a))=v ~ (—a = b)t=r=v
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The last inequality follows with Gradshteyn and Ryzhik (1980) as above.

c) We start with (7.3). Using equation 13.2(18) in Erdelyi (1954b) yields

log(k) 1 < / log(z) 1 .,  log(y)
kl—p (k _ y)l—y rl—n (IL’ _ y)l—u ~ yl_ﬂ_V

k=1+y

Concerning (7.4) we use equation 6.4(23) in Erdelyi (1954a) which implies

Zogk‘—i—z 1 </°°10g(:1:—|—z) 1 4 <log(z)
0

(x + 2)lppl-y 7~ plopvs

Lemma 7.2. If 0 < dy < i, then

1 M N—-1 00 0o
M2N4 Z Z Z Z
Ji1,je=1r1,51=0 wv1,w1,21,51=0 v2,w2,T2,Yy2=0
J1#J2 v1—w1+r1—81=0 r1+ve—x1 —s1—w2+y1 —y2+x2=0

O<|’L}1 ’LU1|<N 1 0<ri+wve— x1+(]1 jg)N<N 1
0<s1+wa—y1+(j1—j2) NN -1
0§|y2—x2|§N—1

1/)1)1 (ujl )wwl (ujl )¢x1 (uj1 )¢y1 (uj1 )@bvz (ujz )¢w2 (ujz )1/1902 (ujQ )wyz (ujQ)

log(N
(NQ—N’yQ —:L'g’ —N"Ul —wl\ + ’1)1 —w1]y2 —1'2’) = O(]Vl_gdozT>

Proof: Firstly, weset 0 <w; =711 —s1+v; and 0 < xz9 =51 —7r1 —v9 + 1 +wy — y1 + y2. Then
we define p := 11 +v2 — x1 + (j1 — j2)V and rearrange to 0 < x1 = r; —p+va + (j1 — j2)N. Since
p € {0,1,2...,N — 1}, it follows that if p,ri,ve, 21,71 are fixed, there are at most two possible
values for js. Hence it is enough to consider the following expression with 1 < |C] < M — 1

N-—1 00 o)
DD >
MN*%
r1,51=0 v1,w1,71,91=0 v2,Ww2,T2,Yy2=0

vi—wi+r1—81=0r1+ve—x1—s1—w2+y1—y2+x2=0
0<|v1—w1|<N-1 0<ri+vo—z1+C1N<N-1
0<s1+wz2—y1+C1N<N—-1
0<|y2—z2|<N-1

w’Ul (ujl )wwl (ujl )1/1351 (ujl )%1 (ujl )wvz (uj2 )ww2 (uj2 )wwz (uj2 )%2 (U'j2)
(N2 - N]yz - 1’2’ - N\Ul - wl\ + !7)1 - w1|y2 - wz])

~ T—deo 1—doo . 1—doo . 1—deo . 1—doo
p,r1,81=0 v1,x1,y1=1 v2,Ww2,r2,Y2=1 Ul yl 2)2 wg y2
1<ri—si1+v1 1<r1—p+v2+C1 N
1<s1—pFwa+y2—y1+C1 N
1 1 1
(r1—s1+v)l7% (ry —p+wvg + C1N) 7 (51 —p +wz +y2 — y1 + C1N)17dee
D) 1 =& > 1 1 1 1 1
~Y
M N2 Z Z Z l1-doo , 1—doo 1 doo 1—doo  1—dso
p,r1=0v1,x1,y1=1 v2,w2,T2,y2=1 U1 Y1 U2 Wy Yo

1<ri—p4v2+C1 N
1<r —ptw2—y1+y2+v1+C1 N
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1 1

(7”1 —p+ v+ ClN)l_dN (7‘1 —p+w2—Yy+yY2+v1+ ClN)l_ZdOO

(7.1),(7.2) 1 N-1 1 1 N-1 1
S 2 Z RTINS 2 Z 2-8d
MN b0 |r1 —p+ C1N|278de ™~ M N bo (ri —p+ N)?8de
< log(N) _ log(N)

MN2-8deo ~— N1-8dooT"
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