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ABC DEFGH I � EJBKL HMNOBH P DBNQ OEKRBFSBKOB P TNFSB GBR UNLUEKH P ONKEKUONT
JEJBKLH P FNKSB EV LWB JEJBKL HMNOB P X BLNYG UHLFUXZLUEK [

�XXFBR UNLBG LULTB I � HCJMLELUO MFEMBFLUBH EV LWB FNKSB MFE OBHH [

� �� HZX\ BOL OTNHHU]ONLUEK I ^_� `_ P a_
_b

cd efghijklgmif
nopqrs tuovwqp x yz{q z wor| y}xsou~ }r p zsyqp zs}�x � �y}�y }r{ow{qx r�pquo�x x�v� q�s

zuqzx � }r�w��}r| �ors}r�q� �uz�s}orx � ousyo|orzw tow~rop }zwx � zttuo� }p zs}or syqou~� tuovz�
v}w}s~ syqou~ zr� xszs}xs}�x �xqq q d| d �zr�z� �c����� d �r sy}x tztqu �q � }ww xs��~� }r xop q
xso�yzxs}� xqrxq � syq x}�q o� syq pop qrsx xtz�q o� tuovzv}w}s~ p qzx�uqx or syq }rsqu{zw

[0, 1]
d

�o vq tuq�}xq wqs P([0, 1])
�qrosq syq xqs o� zww tuovzv}w}s~ p qzx�uqx or syq }rsqu{zw

[0, 1]
d

��usyqu � wqs �ou
n ∈ N∗ � Φn(x) := (x, x2, . . . , xn)

�qrosq syq {q�sou o� p orop }zwx �t so syq
ou�qu

n
zr�

Mn :=

{
∫ 1

0

Φn(x)µ(dx) : µ ∈ P([0, 1])

}

⊂ R
n

vq syq
n
sy pop qrs xtz�q d �v{}o�xw~�

Mn

}x z x�vxqs o� syq ��vq
[0, 1]n

zr� }s }x syq �or{q�
y�ww o� syq ��u{q

(Φn(x))x∈[0,1]

}r
Rn. � {q�sou

c ∈ Rn }x zr qwqp qrs o�
Mn

}� � zr� orw~ }� �
syq xqs

Sn(c) :=

{

µ ∈ P([0, 1]) :

∫ 1

0

Φn(x)µ(dx) = c

}

}x ror qpts~d �yq xqs
Mn

}x z {qu~ xp zww �optz�s x�vxqs o� syq �r}s ��vq
[0, 1]n

� }sy {ow�p q

�ow
(Mn) =

n
∏

k=1

Γ(k)Γ(k)

Γ(2k)
≈ c · 2−n2

�



� ������ ����� 	
� �	���� �	���	
�xqq � zuw}r zr� �s���qr �c���� � t d c��� zr� yzx z {qu~ �optw}�zsq� |qopqsu}� xsu��s�uq
�xqq �yoyzs zr� �zp zu� }r �c���� ou � zuw}r zr� �yztqwq~ �c����� d � x syq popqrs xtz�q
Mn

yzx z ror {o}� }rsqu}ou �q p z~ �q�rq
Pn

zx syq �r}�oup �}xsu}v�s}or or syq xqs
Mn.�yq pos}{zs}or �ou xs��~}r| z �r}�oup �}xsu}v�s}or or syq

n
sy pop qrs xtz�q xsqp x �uop

zr zssqpts so ovsz}r z v qssqu �r�quxszr�}r| o� syq xyztq zr� xsu��s�uq o� syq xqs
Mn

v~
woo� }r| � }r xop q xqrxq zs z s~t}�zw to}rs }r syq xqs

Mn

�xqq �yzr| � � qptqup zr zr� �s���qr
�c���� � ��tsz �c���� � zr� �zpvoz zr� �o�z�z��yzr| ����� �� d ��

Cn

}x z uzr�op {q�sou
� }sy �}xsu}v�s}or

Pn

zr� � �ou
k ∈ {0, . . . , n} � Πk

n

}x syq rzs�uzw tuo� q�s}or otquzsou �uop
Rn so

Rk,
syqxq z�syoux }r{qxs}|zsq syq zx~ptsos}� v qyz{}o�u o� syq uzr�op {q�sou

Z
(k)
n = Πn

k(Cn)zx
n → ∞ zr�

k
}x ��q� d �r tzus}��wzu z roup zw w}p }s syqouqp zr� xop q wzu|q �q{}zs}or

tu}r�twqx ���� � �ou ��r�s}orx o�
Z

(k)
n

zuq qxszvw}xyq� }r syqxq uq�quqr�qx d
�yq tuqxqrs tzt qu }x �q{osq� so syq tuovwqp o� xs��~}r| uzr�op {zu}zvwqx or syq popqrs

xtz�q
Mn,

�yquq syq }r�q�
k
{zu}qx � }sy syq �}p qrx}or o�

Mn

zx
n → ∞.

�r tzus}��wzu �q
zuq }rsquqxsq� }r syq uzr|q o� syq popqrs xtz�q

Mn+1,
�y}�y �zr v q }rsqutuqsq� zx syq � }�sy

o�
Mn+1

}r syq
(n+ 1)

sy �oou�}rzsq � }� syq � uxs
n
�oou�}rzsqx o� z �s~t}�zw� to}rs o�

Mn

zuq
��q� d �o v q tuq�}xq wqs �ou

c ∈Mn

� �qrosq v~

rn+1(c) := sup
µ1,µ2∈Sn(c)

∫ 1

0

xn+1d(µ2 − µ1)(x)
�cdc�

syq
(n + 1)

�sy popqrs uzr|q
rn+1(c).  

q � }ww xs��~ syq zx~ptsos}� tuot qus}qx o� syq uzr|q
tuo �qxx

Rn
t := 4bntcrbntc+1

(

Πbntc
n (Cn)

)

, t ∈ [0, T ],
�cd��

�yquq
Cn

}x z uzr�op {q�sou � }sy �}xsu}v�s}or
Pn

or syq xqs
Mn, 0 < T < 1

zr� bγc�qrosqx syq }rsq|qu tzus o�
γ ∈ R.

�r tzus}��wzu �q tuo{q z wz� o� wzu|q r�pvqux �ou syq
tuo �qxx

(Rn
t )t∈[0,T ],

�qz� �or{qu|qr�q o� zr zttuotu}zsqw~ xszr�zu�}�q� {qux}or o�
(Rn

t )t∈[0,T ]so z �z�xx}zr tuo�qxx � zr� qxszvw}xy z wzu|q �q{}zs}or tu}r�}t wq � }sy z |oo� uzsq ��r�s}or d
�yq uqp z}r}r| tzus o� syq tztqu }x ou|zr}�q� zx �owwo� x d �yq pz}r uqx�wsx zuq xszsq� }r

�q�s}or � d  q � }ww p z�q q�sqrx}{q �xq o� syq �zror}�zw �oou�}rzsqx }rsuo���q� v~ �� }v }rx�~
�c���� � �y}�y � }ww v q syq p z}r soow �ou syq �qu}{zs}or o� syq zx~ptsos}� tuot qus}qx o� syq
tuo �qxx

(Rn
t )t∈[0,T ].

�yq tuoo�x o� o�u p z}r uqx�wsx zuq tuqxqrsq� }r �q�s}or � � �y}wq xop q
pouq sq�yr}�zw zu|�p qrsx uq|zu�}r| tuotqus}qx o� syq v qsz �}xsu}v�s}or zr� |zppz ��r�s}or
zuq |}{qr }r �q�s}or � d

� d !"#$%gigml %hi%&hgm&" i' g(& %hil&""
(Rn

t )t∈[0,T ]

� dc d �FBTUJ UKNFUBH [ �yq p z}r soow �ou o�u }r{qxs}|zs}orx o� syq zx~ptsos}� tuot qus}qx o�
syq tuo�qxx

(Rn
t )t∈[0,T ]

}x syq uqtuqxqrszs}or o� syq uzr�op {zu}zvwq
rk+1

(

Πk
n(Cn)

)

, (n ∈ N, k ∈ {0, . . . , n}) �� dc�
zx z tuo���s o� }r�qt qr�qrs uzr�op {zu}zvwqx d �y}x uqtuqxqrszs}or }x z�y}q{q� v~ }rsuo���}r|
��zror}�zw� �oou�}rzsqx �y}�y pzt syq }rsqu}ou o� syq

n
sy popqrs xtz�q

Mn

}r z orq so orq
pzrrqu orso syq ot qr ��vq

(0, 1)n �xqq �� }v }rx�~ �c����� d �o v q tuq�}xq �q�rq �ou
k = 2, 3, . . .
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zr� �ou z |}{qr to}rs
(c1, . . . , ck−1) ∈ Mk−1 c

+
k = c+k (c1, . . . , ck−1)

zr�
c−k = c−k (c1, . . . , ck−1)zx syq wzu|qxs zr� xp zwwqxs {zw�q o�

ck
x��y syzs

(c1, . . . , ck) ∈ Mk,
syzs }x

c−k = min
{

∫ 1

0

xkµ(dx) | µ ∈ Sk−1(c1, . . . , ck−1)
}

,

c+k = max
{

∫ 1

0

xkµ(dx) | µ ∈ Sk−1(c1, . . . , ck−1)
}

.

�osq syzs
c−k ≤ ck ≤ c−k

zr� syzs vosy }rq��zw}s}qx zuq xsu}�s }� zr� orw~ }�
(c1, . . . , ck−1) ∈}rs

Mk−1

�yquq }rs
B

�qrosqx syq }rsqu}ou o� syq xqs
B

�xqq �� }v }rx�~ �c����� d �ou z popqrs
to}rs

c = (c1, . . . , cn)
}r syq }rsqu}ou o�

Mn

syq �zror}�zw popqrsx ou �zror}�zw �oou�}rzsqx
o�
c
zuq �q�rq� v~

p1 = c1,
zr�

pk =
ck − c−k
c+k − c−k

=
ck − c−k

rk(c1, . . . , ck−1)
k = 2, . . . , n

�� d��
�osq syzs

0 < pk < 1 (k = 1, . . . , n)
}�

(c1, . . . , cn) ∈}rsMn

� zr� syzs syq �q�r}s}or �� d��
�q�rqx z orq so orq p ztt}r| v qs�qqr }rs

Mn

zr� syq ot qr �r}s ��vq
(0, 1)n.

�ou pouq �qsz}wx
uq|zu�}r| �zror}�zw p opqrsx �q uq�qu so syq �ou� o� �� }v }rx�~ �c��� � c��� � c���� zr� so
syq p oro|uzty o� � qssq zr� �s���qr �c���� d �r tzus}��wzu }s }x xyo�r }r syqxq uq�quqr�qx
syzs syq uzr|q �zr vq uqtuqxqrsq� zx

rk+1(c1, . . . , ck) =
k
∏

j=1

pj(1 − pj), (k ≥ 1).
�� d��

nouqo{qu � �uop syq uqtuqxqrszs}or �� d�� }s }x qzx~ so xqq syzs
∂ck
∂pj

=

{

0
}�

j > k

rk = rk(c1, . . . , ck−1)
}�

j = k

�� d� �

�� }sy syq �or{qrs}or
r1 = 1),

zr� �orxq��qrsw~ syq �zror}�zw popqrsx
p

(n)
1 , . . . , p

(n)
n

o�
uzr�op popqrs {q�sou

Cn

� }sy z �r}�oup �}xsu}v�s}or or
Mn

yz{q z �qrx}s~ |}{qr v~
n−1
∏

j=1

Γ(2n− 2j)

(Γ(n− j))2

n
∏

j=1

rj =

n−1
∏

j=1

Γ(2n− 2j)

(Γ(n− j))2

n−1
∏

j=1

(pi(1 − pi))
n−i.

�� d��

�r osyqu �ou�x syq
(k + 1)

sy uzr|q o� z uzr�op popqrs to}rs
Cn

�zr v q uqtuqxqrsq� zx

rk+1

(

Πk
n(Cn)

)

=
k
∏

j=1

[

pn
j (1 − pn

j )
]

, (n ∈ N, k ∈ {0, . . . , n}), �� d��

�yquq
(pn

j )n∈N,1≤j≤n
}x z su}zr|�wzu zuuz~ o� }r�qt qr�qrs uzr�op {zu}zvwqx zr� �ou

j =

1, . . . , n−1
syq uzr�op {zu}zvwq

pn
j

�owwo� x z
β(n− j, n− j) �}xsu}v�s}or d �yq uqtuqxqrszs}or�� dc� � }ww v q qxxqrs}zw �ou o�u }r{qxs}|zs}orx o� syq zx~ptsos}� tuot qus}qx o� syq uzr|q tuo �qxx

}r syq �owwo� }r| �}x��xx}or d �r syq �yowq tzt qu � �q sz�q syq �or{qrs}or syzs
log τ = −∞�yqrq{qu

τ ≤ 0
zr� �q �qrosq syq xqs o� zww �ors}r�o�x ��r�s}orx or

[0, T ]
v~

C([0, T ])
d



� ������ ����� 	
� �	���� �	���	
� d� d ND EV TNFSB KZJXBFH NKG DBNQ OEKRBFSBKOB [ �r syq tuqxqrs zr� rq�s xq�s}orx �
(Rn

t )t∈[0,T ]

� }ww v q �orx}�quq� zx z tuo�qxx � }sy ����������� � tzsyqx d �y�x � �q �orx}�qu �or{qu�
|qr�q }r ��ouoyo� sotowo|~ �xqq �� }ww}r|xwq~ �c������ d nouqo{qu � �q � }ww �qrosq v~ syq x~pvow
 

syq �or{qu|qr�q }r �}xsu}v�s}or d
�WBEFBJ 	 [`[ 
��

0 < T < 1 (Rn
t )t∈[0,T ]

������� �� �� � ���������� ������� �� � ������ �������
� ������

(
√

1 − t)t∈[0,T ]

�

�WBEFBJ 	 [	 [ ���
(Bt)t∈[0,T ]

������� �� � �������� � ������� � ����� �� �� � �� ��� 0 < T < 1� � ����
(

(

Rn
t√

1 − t

)

√
n
)

t∈[0,T ]

 

(

exp
1√
2

∫ t

0

dBu

1 − u

)

t∈[0,T ]

.

� d� d NFSB GBR UNLUEKH [ � q�zww �xqq �ou q�zptwq �� qpvo zr� �q}so�r} �c������ syzs z xq�
��qr�q

(Qn)
o� tuovzv}w}s~ p qzx�uqx or z pqzx�uzvwq � z�x�ou xtz�q

(U,B(U))
xzs}x�qx z

wzu|q �q{}zs}or tu}r�}twq ���� � � }sy uzsq ��r�s}or
I
}�

}�
I
}x wo�qu xqp }�ors}r�o�x �wx�� � � }sy {zw�qx }r

R+ ∪ {+∞} d}}� �ou zr~ p qzx�uzvwq xqs
A
o�
U !

−I(�rsA) ≤ lim inf
n→∞

1

n
logQn(A) ≤ lim sup

n→∞

1

n
logQn(A) ≤ −I(� woA),

�yquq
I(A) = infξ∈A I(ξ)

zr� �rs
A

�uqxt d � wo
A
� }x syq }rsqu}ou �uqxt d syq �wox�uq� o�

A
d

nouqo{qu � syq uzsq ��r�s}or
I
}x �zwwq� |oo� }� }sx wq{qw xqsx {x ∈ U : I(x) ≤ a} zuq �optz�s

�ou zr~
a ≥ 0

d nouq |qrquzww~� z xq��qr�q o�
U
�{zw�q� uzr�op {zu}zvwqx }x xz}� so xzs}x�~ z

��� }� syq}u �}xsu}v�s}orx xzs}x�~ z ��� d
�r ou�qu so p z�q sy}x tztqu xqw���orsz}rq� wqs �x uq�zww xop q �ro�r �z�sx zr� soowx o� syq

syqou~ o� wzu|q �q{}zs}orx �y}�y � }ww v q �xq��w }r syq tztqu ��q uq�qu so �� qpvo zr� �q}so�r} �c�����
�ou p ouq uqx�wsx uq|zu�}r| wzu|q �q{}zs}orx� d �r tzus}��wzu �q � }ww �xq syq �owwo� }r| s�o �or�
�qtsx syuo�|yo�s sy}x tzt qu d

• �EKLFNOLUEK MFUKOUM TB d � xx�pq syzs (Qn)
xzs}x�qx zr ��� or

(U,B(U))
� }sy |oo�

uzsq ��r�s}or
I
d �qs

T
vq z �ors}r�o�x p ztt}r| �uop

U
so zrosyqu xtz�q

V
d �yqr �

(Qn ◦ T−1)
xzs}x�qx zr ��� or

(V,B(V ))
� }sy |oo� uzsq ��r�s}or

I ′(y) = inf
x:T (x)=y

I(x), (y ∈ V ).

• 
"MEKBKLUN T NMMFE" UJ NLUEK d �xx�p q syzs U }x z p qsu}� xtz�q zr� wqs
d
�qrosqx

syq p qsu}� or
U
d �qs

(Xn)n∈N

v q z
U
�{zw�q� uzr�op xq��qr�q xzs}x�~ }r| zr ���

� }sy |oo� uzsq ��r�s}or
I
d �qs

(Yn)n∈N

v q zrosyqu
U
�{zw�q� uzr�op xq��qr�q d �� �ou

zr~
ξ > 0

lim sup
n→∞

1

n
log P(d(Xn, Yn) > ξ) = −∞,

syqr
(Yn)n∈N

xyzuqx syq xzp q ��� zx
(Xn)n∈N

d



	�������� ��������� �� ��� �	
�� ������� �

�r syq �owwo� }r| wqs
BV ([0, T ])

�qrosq syq xqs o� zww uqzw {zw�q� ��r�s}orx o� vo�r�q� {zu}zs}or
or syq }rsqu{zw

[0, T ]
d  q }�qrs}�~

BV ([0, T ])
� }sy syq xqs M([0, T ])

o� zww uqzw p qzx�uqx
or

[0, T ]
d �r�qq� � }�

f
}x zr qwqp qrs o� syq xqs

BV ([0, T ])
� syquq q� }xsx z �r}��q pqzx�uq

µf ∈ M([0, T ])
� }sy

f(u) =

∫ u

0

µf(dt) =

∫ u

0

µ+
f (dt) −

∫ u

0

µ−
f (dt),

�� d��

�yquq � �ou
µ ∈ M([0, T ])

�
µ = µ+ − µ− }x syq �ou�zr �q�optox}s}or o� syq p qzx�uq

µ
d

�yq �qvqx|�q �q�optox}s}or o� syq p qzx�uq
µ
� }sy uqxt q�s so syq �qvqx|�q pqzx�uq � }ww v q

�qrosq� zx
µ(du) = hµ(u)du+ σµ(du).

�� d��
�t so syq }�qrs}��zs}or o�

BV ([0, T ])
v~ M([0, T ])

�
C([0, T ])

}x syq sot owo|}�zw ��zw o�
BV ([0, T ])

d �y�x � �q qr�o�
BV ([0, T ])

� }sy syq �qz��∗ sotowo|~ ���zw}s~ (BV ([0, T ], C([0, T ])
� d

�qs
BV +

0 ([0, T ]) = {f ∈ BV ([0, T ]) : f(0) = 0, f
ror �q�uqzx}r| or

[0, T ]} , �� d��
zr�

BV −
1 ([0, T ]) = {f ∈ BV ([0, T ]) : f(0) = 1, f > 0, f

ror }r�uqzx}r| or
[0, T ]} . �� dc��

�WBEFBJ 	 [a [ 
�� ���
0 < T < 1 �� � � ������ (Rn

t )t∈[0,T ]

������ �� �� ��� ��
BV −

1 ([0, T ])���� ���� � �������
I1
�
I1

�� � � ��� ���� � ������� ����� �� ���� � ���� � �� � ��������
f ∈

BV −
1 ([0, T ])

� ������ � �� f ∈ BV −
1 ([0, T ])

�� � ���� � ������� ��� �� � ��� ��� ��������

I1(f) := −1

2

∫ T

0

log
[

2(1 − u)hµlog(1/f)
(u)
]

du

+

∫ T

0

(1 − u)µlog(1/f)(du) −
T

2
.

�� dcc�

� x}r| syq �yzr|q o� {zu}zvwq �oup�wz �ou �s}qw� qx }rsq|uzwx �xqq �ou q�zptwq �� uossqu ����� ��
�yqouqp �� � � �q ovsz}r syq �owwo� }r| � uot ox}s}or d
�FEMEHULUEK 	 [� [ ���

f ∈ BV −
1 ([0, T ])

��� �����

µf (du) = −µd
f(du) + δ0(du) −

∑

j∈Af

af
j δtfj

(du),

�� ���
µd

f

�� � ��	 �� � � ������ � � ������ ��� �� � � ������
µf

��� 
 ��� � �� �� � � ������ � � �����

(tfj )j∈Af

� �� ��

log

(

1

f(t)

)

=

∫ t

0

µd
f(du)

f(u)
+

∑

j∈Af :tfj ≤t

log

(

1 +
af

j

f(tfj )

)

.



� ������ ����� 	
� �	���� �	���	
� �������

I1(f) = −1

2

∫ T

0

log
[

2(1 − u)hµf
(u)
]

du+
1

2

∫ T

0

log f(u)du

+

∫ T

0

(1 − u)
µd

f(du)

f(u)
+
∑

j∈Af

[

log

(

1 +
af

j

f(tfj )

)

(1 − tfj )

]

− T

2
.

� d �hii'"
� dc d �FEEV EV �WBEFBJ 	 [	 [  q � }ww tuo{q syq syqouqp v~ xyo� }r| syq �owwo� }r| tuotox�
s}or d
�FEMEHULUEK a [`[ 
�� ���

0 < T < 1

(
√
n(logRn

t − log
√

1 − t))t∈[0,T ]  

(

1√
2

∫ t

0

dBu

1 − u

)

t∈[0,T ]

,

�yquq
(Bu)u∈[0,1]

�qrosqx z xszr�zu� � uo�r}zr pos}or d
� ���� � �uop �cd�� zr� �� d�� � �q pz~ � u}sq � �ou

t ∈ [0, T ]
�

√
n(logRn

t − log
√

1 − t) =
√
n
(

bntc
∑

j=1

log
[

pn
j (1 − pn

j )
]

− 1

2
log(1 − t) + 2bntc log 2

)

=
√
n

bntc
∑

j=1

(ρn
j − E

[

ρn
j

]

) + An(t) ,
�� dc�

�yquq

ρn
j = log

[

pn
j (1 − pn

j )
] �� d��

zr� syq uzr�op {zu}zvwq
An(t)

}x �q�rq� v~

An(t) =
√
n





bntc
∑

j=1

E
[

ρn
j

]

− 1

2
log(1 − t) + 2bntc log 2



 .
�� d��

� }uxs � ros}�q syzs zx syq ��r�s}or
(1 − t)−α, (α > 0)

}x }r�uqzx}r| or syq }rsqu{zw
[0, T ]

� �q
yz{q �ou zr~

t ∈ [0, T ]

1

n

bntc
∑

j=1

1

(1 − j−1
n

)α
≤
∫ T

0

du

(1 − u)α
:= Iα.

�r z � uxs xsqt �q xyo� syzs syq tuo�qxx
An(t)

�or{qu|qx so � � �r}�oup w~ or syq }rsqu{zw
[0, T ]

d �r�qq� � �x}r| }rq��zw}s~ �� dc�� }r syq �ttqr�}� zr� syq porosor}�}s~ tuot qus}qx o�



	�������� ��������� �� ��� �	
�� ������� �

syq ��r�s}orx
(1 − x)−1 zr� (1 − x)−2 �q ovsz}r

|An(t)| ≤
√
nC1

bntc
∑

j=1

1

(n− j + 1)2
+

√
n

2

∣

∣

∣

∣

∣

∣

bntc
∑

j=1

1

n− j + 1
−
∫ t

0

du

1 − u

∣

∣

∣

∣

∣

∣

≤ C1

n3/2

bnT c
∑

j=1

1

(1 − j−1
n

)2
+

√
n

2





∫ T

0

du

1 − u
− 1

n

bnT c
∑

j=1

1

1 − j−1
n





≤ 1√
n

(

C1I2 + (1 − T )−1(T + 2(1 − T )−1)
)

,
�� d� �

�ou xop q �orxszrsx
C1, τ2 > 0.

�y}x }p tw}qx syzs
An

�or{qu|qx �r}�oup w~ so
0
or syq }rsqu{zw

[0, T ]
d

 q � }ww ro� xyo� syzs syq tuo �qxx �q�rq� }r �� dc� �or{qu|qx so syq w}p }s |}{qr }r syq
tuotox}s}or d �o ovsz}r sy}x uqx�ws � �q � }ww �xq syq |qrquzw p zus}r|zwq syqouqp xszsq� }r
�� z��ryz��zxsqwwq zr� ���o �c����� ��yqouqp � d� d�� t d ���� d �r ou�qu so �xq sy}x |qrquzw
uqx�ws � �q yz{q so �yq�� syq �owwo� }r| syuqq zxx�pts}orx !�� c� �ou zww ε > 0

�

lim
n→∞

bnT c
∑

j=1

P
(

|ρ̃n
j | ≥ ε

)

= 0.

�� �� �yquq q� }xsx zr ε > 0,
x��y syzs �ou zww

t ∈ [0, T ]
�

lim
n→∞

bntc
∑

j=1

E

(c�
{|ρ̃n

j |<ε}ρ̃
n
j

)

= 0.

�� �� �yquq q� }xsx zr ε > 0,
x��y syzs �ou zww

t ∈ [0, T ]
�

lim
n→∞

bntc
∑

j=1

�zu (c�
{|ρ̃n

j |<ε}ρ̃
n
j

)

=

∫ t

0

du

2(1 − u)2
=

t

2(1 − t)
,

�yquq �q �xq� syq roszs}or
ρ̃n

j =
√
n(ρn

j − E[ρn
j ])

zr� c�
A

�qrosqx syq }r�}�zsou ��r�s}or o�
syq xqs

A
d

�qs �x �uxs �yq�� syzs syq zxx�pts}or �� c� yow�x d � x}r| nzu�o{ �x }rq��zw}s~ zr� syq
qxs}p zsq �� dc�� }r syq �tt qr�}� �ou syq �o�usy popqrs o� syq �qrsquq� uzr�op {zu}zvwq

ρ̃n
j�q pz~ �u}sq �ou

ε > 0
�
n ∈ N∗ zr� j ∈ {1, . . . , n}

P
(

|ρ̃n
j | ≥ ε

)

≤ n2

ε4
E(ρn

j − E[ρn
j ])4 ≤ n2C3

ε4(n− j + 1)4

�� d��
� }sy xopq tox}s}{q �orxszrs

C3.
�y}x |}{qx
bnT c
∑

j=1

P
(

|ρ̃n
j | ≥ ε

)

≤ C3I4

nε4
,



� ������ ����� 	
� �	���� �	���	
zr� zxx�pts}or �� c� �owwo� x d�o tuo{q zxx�pts}or �� �� ros}�q syzs syq uzr�op {zu}zvwqx

ρ̃n
j

zuq �qrsquq� zr� syquq�ouq }s
}x x�� �}qrs so xyo� syzs �ou orq

ε > 0
�

lim
n→∞

bnT c
∑

j=1

E

(c�
{|ρ̃n

j |≥ε}|ρ̃n
j |
)

= 0.
�� d��

�o� � �x}r| �z��y~ ��y�zus� }rq��zw}s~� syq v o�r� �� d�� zr� syq qxs}p zsq �� dc� � }r syq
�tt qr�}� ~}qw�x

E

(c�
{|ρ̃n

j |≥ε}|ρ̃n
j |
)

≤
√

n
�zu

ρn
j

√

P
(

ρ̃n
j ≥ ε

)

≤
√
C2C3

n3/2ε2(1 − j−1
n

)3

� }sy tox}s}{q �orxszrsx
C2, C3.

�yquq�ouq �q ovsz}r

bnT c
∑

j=1

E

(c�
{|ρ̃n

j |≥ε}|ρ̃n
j |
)

≤
√
C2C3I3

n1/2

�� d��

zr� zxx�pts}or �� �� �owwo� x d�o xyo� syq uqp z}r}r| tuot qus~ �� �� � � uxs ros}�q syzs � �ou t ∈ [0, T ]
� �x}r| syq qxs}p zsq

�� dc�� }r syq �ttqr�}� �ou syq {zu}zr�q o� ρ̃n
j

� �q �zr p }p }� syq �qu}{zs}or o� syq }rq��zw}s~
�� d�� so qzx}w~ ovsz}r

lim
n→∞

bntc
∑

j=1

�zu
ρ̃n

j =
t

2(1 − t)
.

�� d��

�o� �
�zu

ρ̃n
j =

�zu (
ρ̃n

j

c�
{|ρ̃n

j |<ε}

)

+ E

(

(ρ̃n
j )2c�

{|ρ̃n
j |≥ε}

)

+
[

E

(

ρ̃n
j

c�
{|ρ̃n

j |≥ε}

)]2

.

�r syq orq yzr� � �x}r| or�q pouq syq �z��y~ ��y�zus� }rq��zw}s~ zr� syq qxs}p zsq �� dc� �
zr� �� dc�� o� syq �tt qr�}� �q pz~ qzx}w~ xyo� syzs

lim
n→∞

bnT c
∑

j=1

E

(

(ρ̃n
j )2c�

{|ρ̃n
j |≥ε}

)

= 0.

�r syq osyqu yzr� � sy}x zwxo }ptw}qx

lim
n→∞

bnT c
∑

j=1

[

E

(

ρ̃n
j

c�
{|ρ̃n

j |≥ε}

)]2

= 0,

zr� zxx�pts}or �� �� yow�x � �y}�y �optwqsqx syq tuoo� o� syq � uot ox}s}or d
�



	�������� ��������� �� ��� �	
�� ������� �

� d� d � FEEV EV �WBEFBJ 	 [a [ �o tuo{q �yqouqp � d� � �q � }ww � uxs xyo� syzs zr ��� yow�x
�ou syq �owwo� }r| tox}s}{q uzr�op pqzx�uq or syq }rsqu{zw

[0, T ]
�
0 < T < 1

�

νn(dx) := −
bnT c
∑

j=1

(ξn−j + 2 log 2)δj/n(dx),

�yquq
δy

�qrosqx syq � }uz� p qzx�uq zs syq t o}rs
y, ξ1, . . . , ξn

zuq }r�qt qr�qrs uzr�op {zu}�
zvwqx �}xsu}v�sq� x��y syzs

ξi = log(xi(1 − xi))
zr�

xi

yzx z
β(i, i)

�}xsu}v�s}or d �r�qq� �
qr�o� }r| syq xqs M+([0, T ])

o� zww t ox}s}{q p qzx�uqx or syq }rsqu{zw
[0, T ]

� }sy syq �qz�
sot owo|~� �q yz{q syq �owwo� }r| syqouqp d
�WBEFBJ a [	 [ �� � � ��� �� �� �� ������ � �������

(νn)
������ �� �� ��� ���� � � ��� ������

���� � ������� � ���� ��

I2(µ) = −1

2

∫ T

0

log [2(1 − u)hµ(u)] du+

∫ T

0

(1 − u)µ(du)− T

2
, (µ ∈ M+([0, T ]),

�� d��
� ���� � �yq }�qz o� syq tuoo� }x so �yq�� syzs syq zxx�pts}orx o� syq zvxsuz�s � �usrqu�� ww}x
syqouqp zuq ��w� wwq� �xqq syqouqp � d� d�� }r �� qpvo zr� �q}so�r} �c����� � ��zpvoz qs zw �c����� �
�� zpvoz zr� � zxx}zs �c����� zr� ��z� }p �������� d �ou sy}x wqs

f ∈ C([0, T ])
� �q � }ww �uxs

�opt�sq syq roup zw}�q� ��p�wzrs |qrquzs}r| ��r�s}or o�
νn

zs t o}rs
f
syzs }x

Λn(f) :=
1

n
log E (exp[nνn(f)])

=
1

n
log E





bnT c
∏

j=1

exp [−nf(j/n)(ξn−j + 2 log 2)]





=
1

n

bnT c
∑

j=1

[ψn−j (−nf [j/n]) − 2nf(j/n) log 2] .
�� dc��

�yquq
ψn−j(t) = logE[etξn−j ]

�qrosqx syq ��p�wzrs |qrquzs}r| ��r�s}or o� syq uzr�op {zu}�
zvwq

ξn−j.
�o� � �x}r| syq uqtuqxqrszs}or �� d�� �ou syq ��r�s}or

ψk(t)
}r syq �ttqr�}� � �qovsz}r !

• �}uxs �zxq
sup

u∈[0,T ]

f(u)

1 − u
< 1.

�ou
n
wzu|q qro�|y �

Λn(f)
}x �r}sq zr� �x}r| syq uqtuqxqrszs}or �� d� � }r syq �ttqr�}�}s �owwo� x syzs

Λn(f) =
1

n

bnT c
∑

j=1

{

−1

2
log

(

1 − nf(j/n)

n− j + 1

)

+ 4 [ϕ0 (n− j + 1 − nf [j/n]) − ϕ0(n− j + 1)]

− 2 [ϕ0 [2(n− j + 1 − nf [j/n])] − ϕ0(2n− 2j + 2)]

}

,



�� ������ ����� 	
� �	���� �	���	
�yquq syq ��r�s}or

ϕ0

}x �q�rq� v~

ϕ0(z) :=

∫ +∞

0

arctan( t
z
)

exp(2πt) − 1
dt.

�� dcc�
�~ �qppz � dc }r syq �ttqr�}� �q syquq�ouq ovsz}r syq qxs}p zsq

∣

∣

∣

∣

∣

∣

Λn(f) +
1

n

bnT c
∑

j=1

1

2
log

(

1 − nf(j/n)

n− j + 1

)

∣

∣

∣

∣

∣

∣

≤ 5I0

n2

bnT c
∑

j=1

|f(j/n)|
[(

1 − j−1
n

− f(j/n)
)

∧
(

1 − j−1
n

)]2 ,

�yquq
a∧ b �qrosqx syq p }r}p�p o�

a
zr�

b
d �y}x wzxs }rq��zw}s~ zwwo� x so �or�w��q

syzs
lim

n→∞
Λn(f) = −1

2

∫ T

0

log

(

1 − f(u)

1 − u

)

du.
�� dc��

• �q�or� �zxq
sup

u∈[0,T ]

f(u)

1 − u
> 1.

�x f }x �ors}r�o�x � �ou
n
wzu|q qro�|y � zs wqzxs orq o� syq x�ppzr� }r �� dc�� }x

}r�r}sq d � qr�q
lim

n→∞
Λn(f) = +∞.

�� dc��

• �y}u� �zxq
supu∈[0,T ]

f(u)
1−u

= 1
d

 q �o ros �ro� }r |qrquzw �yzs yzttqrx }r sy}x �zxq d ��s � zx }r syq tuoo� o� syqouqp
� }r �� zpvoz qs zw �c����� }s �oqx ros p zssqu d

�o� � �ou
f ∈ C([0, T ])

� wqs

Λ(f) := −1

2

∫ T

0

log

(

1 − f(u)

1 − u

)

du.

��usyqu � �ou
µ ∈ M+([0, T ])

� wqs

Λ∗(µ) := sup
f∈C([0,T ])

[
∫ T

0

f(u)µ(du)− Λ(f)

]

.

nz� }r| syq �yzr|q o� {zu}zvwq
g(·) = f(·)/(1−·) }r syq wzxs q��zs}or zr� �x}r| syq ��zw}s~ uq�x�wsx o� �q�s}or � }r ��ou�q}r zr� �q� }x �c����� �q p z~ �q���q � syzs �ou zr~

µ ∈ M+([0, T ])

Λ∗(µ) = I2(µ).
�yq uqp z}r}r| tzus o� syq tuoo� ro� �owwo� x v~ q�z�sw~ syq xzp q zu|�pqrsx zx |}{qr }r
�� zpvoz qs zw �c����� �yquq syq z�syoux �xq z {zu}zrs o� syq ��usrqu�� ww}x��zw�} �x syqouqp
�xqq �� qpvo zr� �q}so�r} �c����� t d c��� d  q � �xs |}{q syq x�qwqsor o� syq tuoo� zr� uq�qu
so ��zpvoz qs zw �c����� �ou pouq �qsz}wx d
�yq �ttqu v o�r� }x tuo{q� }r z �wzxx}�zw �z~ v~ �uxs xyo� }r| syzs }s yow�x �ou �optz�s xqsx

o�M+([0, T ])
d �y}x }x z �}uq�s �orxq��qr�q o� �yqouqp � d� d� v� o� �� qpvo zr� �q}so�r} �c����� d

�o qrwzu|q sy}x �ttqu vo�r� so ror �optz�s xqsx � �q �xq syq �owwo� }r| wqppz syzs xqsx syq
q�torqrs}zw s}|ysrqxx o� syq xq��qr�q

(νn)
d



	�������� ��������� �� ��� �	
�� ������� ��
BJJN a [a [

lim
a→+∞

lim sup
n→∞

1

n
log P

(

sup
f∈C([0,T ]):‖f‖∞=1

∫

[0,T ]

f(x)νn(dx) > a

)

= −∞.
�� dc� �

� ���� � �v{}o�xw~
{

sup
f∈C([0,T ]):‖f‖∞=1

∫

[0,T ]

f(x)νn(dx) > a

}

⊂







−
bnT c
∑

j=1

(ξn−j + 2 log 2) > a







.

�

��usyqupouq nzu�o{ q�torqrs}zw }rq��zw}s~ zr� syq w}p }s }r �� dc�� |}{q � �ou
θ < 1 − T

lim sup
n→∞

1

n
log P



−
bnT c
∑

j=1

(ξn−j + 2 log 2) > a



 ≤

−θa +
1

2
[(1 − θ − T ) log(1 − θ − T ) − (1 − T ) log(1 − T ) − (1 − θ) log(1 − θ)] .

�ts}p }�}r| syq wzxs v o�r� � }sy uqxt q�s so
θ < 1 − T

�q �rzww~ ovzs}r

lim sup
n→∞

1

n
log P



−
bnT c
∑

j=1

(ξn−j + 2 log 2) > a



 ≤

−a1 + (T − 1)e2a

1 − e2a
+

1

2

[−T + 2(T − 1)e2a

1 − e2a
log

−T + 2(T − 1)e2a

1 − e2a

−(1 − T ) log(1 − T ) − (T − 2)e2a

1 − e2a
log

(T − 2)e2a

1 − e2a

]

�y}�y ~}qw�x so syq uqx�ws d
�yq wo�qu vo�r� }x p ouq sq�yr}�zw d � x �x�zw � }s }x t qu�oup q� �x}r| syq ������ tuovzv}w}s~

sq�yr}��q d � quq � syq s}wsq� tuovzv}w}s~ �qt qr�x or z ��r�s}or
fµ

zxxo�}zsq� so syq p qzx�uq
µor �y}�y �q uq�qrsqu syq tuo�qxx d �yquq zuq qxxqrs}zww~ s�o xsqtx d �r syq � uxs orq �q xyo�

syzs syquq q� }xs r}�q p qzx�uqx �ou �y}�y syq zxxo�}zsq� ��r�s}orx q� }xs zr� �zww }r syq �uxs
�zxq o� syq tuq{}o�x �}x��xx}or zvo�s syq w}p }s o� syq ��r�s}or

Λn
d �o�|ysw~ xt qz� }r| � sy}x

}x q��}{zwqrs so syq �z�s syzs syq x�tuqp�p o� syq ��r�s}or
Λ∗ }x zssz}rq� �ou

fµ
d �r syq

xq�or� xsqt �q xyo� syzs syqxq r}�q p qzx�uqx zuq �qrxq }r syq xtz�q M+([0, T ])
d

�

�~ syq xzp q zu|�p qrsx zx |}{qr }r syq tuoo� o� �yqouqp � dc }r �� z� }p ������� �q ovsz}r
�uop syq wzxs syqouqp zr� syq �orsuz�s}or tu}r�}t wq syq �owwo� }r| �ouowwzu~d
�EFE TTNFC a [� [ �� � � ������

(− logRn
t )t∈[0,T ]

������ �� �� ��� ��
BV +

0 ([0, T ])
���� � � ���

���� � ������� � ���� ��

I3(f) := −1

2

∫ T

0

log
[

2(1 − u)hµf
(u)
]

du+

∫ T

0

(1−u)µf(du)−
T

2
, (f ∈ BV +

0 ([0, T ])),
�� dc��

�� ��� �� � � �������
hµ

��� ���� ��� ��� �� �� ��� �



�� ������ ����� 	
� �	���� �	���	
��usyqu syq p ztt}r|

W
�uop

BV +
0 ([0, T ])

so
BV −

1 ([0, T ])
�q�rq� v~

W (f) = exp(−f) , (f ∈ BV +
0 ([0, T ]))

}x �ors}r�o�x d �r�qq� �
exp(−f)

yzx � �ptx zs syq xzp q to}rsx zx syq ��r�s}or
f
zr� syq

�qz� �or{qu|qr�q }x q��}{zwqrs so syq to}rs� }xq �or{qu|qr�q or xqs o� �ors}r�}s~ to}rsx o�
syq w}p }s d � qr�q � syq tuoo� o� �yqouqp � d� �owwo� x �uop syq �orsuz�s}or tu}r�}t wq zr� syq
wzxs �ouowwzu~d

� d !%%&fjm� � !hikfj g(&
β
jm"ghm�kgmif

�qs
α, β > −1

� uq�zww syzs syq �}xsu}v�s}or
β(α, β)

}x syq tuovzv}w}s~ p qzx�uq or syq
}rsqu{zw

[0, 1]
� }sy �qrx}s~

fα,β(x) =
xβ(1 − x)α

B(β + 1, α+ 1)
, (x ∈ [0, 1]),

�yquq syq � ��� ����� ���
B

pz~ v q q�tuqxxq� v~ syq �z~ o� syq ����� � �������!

B(p, q) =

∫ 1

0

xp−1(1 − x)q−1dx =
Γ(p)Γ(q)

Γ(p + q)
, (p, q > 0).

�ou zr~ }rsq|qu
k
� wqs

ιk
vq z uzr�op {zu}zvwq � }sy �}xsu}v�s}or

β(k, k)
zr� xqs

ξk = log [ιk(1 − ιk)] = log ιk + log(1 − ιk).
�� dc�

�x 4 exp ξk ∼ β(−1
2
, k)

� �ou
τ ∈ R

� syq ��p�wzrs |qrquzs}r| ��r�s}or o�
ξk

}x |}{qr v~

ψk(τ) = log E[exp(τξk)] =















2 log Γ(τ + k + 1) + log Γ(2k + 2)

− log Γ(2τ + 2k + 2) − 2 log Γ(k + 1)
}�
τ > −1 − k

+∞ osyqu� }xq d
�� d��

�ou
z ∈ C

� }sy <(z) > 0
� � }rqs �x xq�or� �oup�wz �xqq �ou ��vuzpo� }s� zr� �sq|�r �c��� ��� �

|}{qx zr zwsqurzs}{q q�tuqxx}or �ou syq
log Γ

��r�s}or � syzs }x

log Γ(z) = (z − 1

2
) log z − z +

1

2
log 2π + 2ϕ0(z),

�� d��
�yquq syq ��r�s}or

ϕ0

}x �q�rq� v~

ϕ0(z) :=

∫ +∞

0

arctan( t
z
)

exp(2πt) − 1
dt.

� x}r| sy}x uqtuqxqrszs}or �q pz~ uq� u}sq � �ou
τ > −1 − k

ψk(τ) = −1

2
log

(

1 +
τ

k + 1

)

− 2τ log 2

+ 4 [ϕ0(τ + k + 1) − ϕ0(k + 1)]

+ 2 [ϕ0(2k + 2) − ϕ0(2τ + 2k + 2)] .
�� d� �



	�������� ��������� �� ��� �	
�� ������� ��
nouqo{qu � syq � uxs �qu}{zs}{q o�

ψk

�zr vq uqtuqxqrsq� zx

ψ′
k(τ) = − 1

2(k + 1 + τ)
− 2 log 2

+ 4 [ϕ′
0(τ + k + 1) − ϕ′

0(2τ + 2k + 2)] ,
�� d��

zr� � �ou
l ≥ 2

}rsq|qu � syq �qu}{zs}{q o� ou�qu
l
o�
ψ

(l)
k

}x

ψ
(l)
k (τ) =

(−1)l(l − 1)!

2(k + 1 + τ)l
+ 4ϕ

(l)
0 (τ + k + 1) − 2l+1ϕ

(l)
0 (2τ + 2k + 2).

�� d��

�uop syq wzxs q��zs}orx �q pz~ �q���q

E(ξk) = ψ′
k(0) = − 1

2(k + 1)
− 2 log 2

+4 [ϕ′
0(k + 1) − ϕ′

0(2k + 2)] ,
�� d��

�zu
(ξk) = ψ′′

k(0) =
1

2(k + 1)2
+ 4 [ϕ′′

0(k + 1) − 2ϕ′′
0(2k + 2)] ,

�� d��

E [ξk − E(ξk)]
4 = ψ

(4)
k (0) + 3 [ψ′′

k(0)]
2

=
15

4(k + 1)4
+ 4ϕ

(4)
0 (k + 1)

−32ϕ
(4)
0 (2k + 2) +

12 (ϕ′′
0(k + 1) − 2ϕ′′

0(2k + 2))

(k + 1)2

+48 [ϕ′′
0(k + 1) − 2ϕ′′

0(2k + 2)]
2
.

�� d��

��usyqu � �q yz{q syq �owwo� }r| ov{}o�x wqppz d

BJJN � [`[ 
��
α > 0

���
η > −α

|ϕ0(α+ η) − ϕ0(α)| ≤ |η|
(α ∧ (α+ η))2

I0,
�� dc��

|ϕ′
0(α)| ≤ I0

α2
, |ϕ(2)

0 (α)| ≤ 2I0

α3

��� |ϕ(4)
0 (α)| ≤ 72I0

α5
.

�� dcc�

����

I0 =

∫ +∞

0

t

exp(2πt) − 1
dt.
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� x}r| syq tuq{}o�x wqppz zr� q��zs}orx �� d�� � �� d�� zr� �� d�� � �q ovsz}r syq �owwo� }r|

vo�r�x �ou syq pop qrsx o� syq uzr�op {zu}zvwqx
ξk

∣

∣

∣

∣

E(ξk) −
(

− 1

2(k + 1)
− 2 log 2

)∣

∣

∣

∣

≤ 5I0

(k + 1)2
:=

C1

(k + 1)2
,

�� dc��
∣

∣

∣

∣

�zu
(ξk) −

1

2(k + 1)2

∣

∣

∣

∣

≤ 10I0

(k + 1)3
=

2C1

(k + 1)3
,

�� dc��

�zu
(ξk) ≤

1

2(k + 1)2
+

10I0

(k + 1)3
≤ 1/2 + 10I0

(k + 1)2
≤ C2

(k + 1)2
,

�� dc� �

E [ξk − E(ξk)]
4

≤ 15

4(k + 1)4
+

319I0

(k + 1)5
+

300I2
0

(k + 1)6

�� dc��

≤ 15/4 + 319I0 + 300I2
0

(k + 1)4
≤ C3

(k + 1)4

�� dc��
� }sy t ox}s}{q �orxszrsx

C1, C2, C3.
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syzr� syq }rxs}s�sq �ou }sx yoxt}szw}s~d �yq z�syoux zuq zwxo |uzsq��w so �xow�q �ossx�yw}�y �
�yo s~t q� tzusx o� sy}x tzt qu � }sy �orx}�quzvwq sq�yr}�zw q�t qus}xq d
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